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Abstract
We construct a new SO(3)×SO(3) invariant non-supersymmetric solution of the bosonic field
equations of D = 11 supergravity from the corresponding stationary point of maximal gauged
N = 8 supergravity by making use of the non-linear uplift formulae for the metric and the
3-form potential. The latter are crucial as this solution appears to be inaccessible to traditional
techniques of solving Einstein’s field equations, and is arguably the most complicated closed form
solution of this type ever found. The solution is also a promising candidate for a stable non-
supersymmetric solution of M-theory uplifted from gauged supergravity. The technique that we
present here may be applied more generally to uplift other solutions of gauged supergravity.
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1 Introduction
Kaluza-Klein theory plays an important role as an organising framework in supergravity relating
higher and lower-dimensional theories to one another as well as providing a tool by which to derive
new theories by dimensional reduction. Nevertheless, one is confronted with some challenging issues,
such as the question of whether a lower-dimensional theory can be obtained from a reduction of a
higher-dimensional one, and if so, whether the reduction is consistent. That is, whether all solutions
of the lower-dimensional theory can be mapped onto a subset of the higher-dimensional solutions.
How this is done in practice, i.e. how one uplifts solutions to higher dimensions, is yet another level
of complication. Indeed, examples of such results are rare and are mainly confined to truncations
with relatively simple scalar sectors.
Eleven-dimensional supergravity compactified on a seven-sphere is one example in which progress
has been made; the four-dimensional theory associated with this reduction being maximal SO(8)
gauged supergravity. Recently, an uplift ansatz has been derived for the seven-dimensional com-
ponents of the 3-form potential in terms of the (pseudo)scalars of the gauged theory [1, 2]. This
complements the uplift ansatz for the seven-dimensional components of the metric given in Ref. [3].
Together, these ansa¨tze give a new method for constructing solutions of D = 11 supergravity, and
it is the purpose of the present paper to explicitly demonstrate the utility of this new method.
Indeed, without the new uplift formula for the internal flux it is basically impossible to construct
the solution to be presented in this paper, or to derive any other solutions of this type that are
more complicated than those already in the literature (see for example Refs. [4–6, 3, 7]). This is
because in all previous examples of solutions corresponding to critical points, the symmetry of the
solution reduces the equations of motion to a set of ODEs. In particular, if one obtains the metric
via the metric lift ansatz, the equations for the components of the flux field strength are algebraic
and usually easy to solve. The analysis becomes even simpler if one has supersymmetry, where the
ODEs are first order, as is the case for the G2 [3] and SU(3)×U(1) [7] solutions.
The ansa¨tze can be applied to obtain a very general class of solutions of D = 11 supergravity.
In particular, they facilitate the uplifting of all stationary points to Freund-Rubin compactifications
[8] with flux, viz.
EM
A(x, y) =
∆−1/2(y) ◦eµα(x) 0
0 em
a(y)
 , FMNPQ =

Fµνρσ = ifFR
◦
ηµνρσ
Fmnpq = Fmnpq(y),
0, otherwise
ΨM = 0, (1.1)
with the corresponding metric
GMNdX
MdXN = ∆−1 ◦ηµνdxµdxν + gmndymdyn, (1.2)
where (xµ, ym) are coordinates on the four and compact seven-dimensional spacetimes, respectively;
◦
eµ
α(x) (with corresponding metric
◦
ηµν) is the vierbein of the maximally symmetric four-dimensional
spacetime with corresponding alternating tensor
◦
ηµνρσ ; em
a(y) (with corresponding metric gmn) is
2
the siebenbein of the compact space and fFR is a constant. In what follows we consider the siebenbein
to be that of a deformed round seven-sphere, i.e.
em
a(y) =
◦
em
b(y)Sb
a(y), (1.3)
where
◦
em
a (with corresponding metric
◦
gmn) corresponds to the siebenbein on a round seven-sphere
of inverse radius m7 and the deformation parameter S has determinant ∆,
∆(y) = detSa
b(y). (1.4)
The uplift ansa¨tze are derived within the context of the SU(8) invariant reformulation of the
D = 11 theory [9], whereby eleven-dimensional fields are decomposed in a 4 + 7 split, such that
one can loosely talk of them as having external/internal indices. Note that SU(8) is the local
enhanced symmetry obtained in the toroidal reduction of D = 11 supergravity to four dimensions,
with associated global group E7(7) [10]. Importantly, however, no truncation is assumed and the
reformulation remains on-shell equivalent to D = 11 supergravity [11]. The SU(8) structures in the
reformulation are obtained by an analysis of the D = 11 supersymmetry transformations in such a
4 + 7 split, and by the enlargement of the original SO(7) tangent space symmetry to a full chiral
SU(8) symmetry; the R-symmetry of N = 8 supergravity.
The uplift ansa¨tze for the internal metric and flux are derived by comparing the supersymmetry
transformations of particular components of the eleven-dimensional fields, namely those with a single
“four-dimensional” index: the graviphoton Bµ
m and Aµmn, which contain the internal metric and
3-form potential components, and the supersymmetry transformation of the associated vectors in
four dimensions, which are given in terms of the (pseudo)scalar expectation values.
In this paper, we demonstrate the utility of the uplift ansa¨tze by applying them to the only
known stable non-supersymmetric solution of the gauged theory [12, 13]: the SO(3)×SO(3) invariant
stationary point [14]. This yields a new solution of D = 11 supergravity: see equations (2.20, 2.22)
and (7.29, 7.30) for the solution in stereographic and ambient coordinates, respectively. This solution,
to our knowledge, is the most non-trivial closed form solution of this type ever found (inspection
of the explicit formulae in section 5 of this paper will probably immediately convince readers of
the correctness of this claim). Indeed, the remarkable efficiency of the uplift formulae is clearly
demonstrated by the fact that it is significantly simpler to write down the solution than to verify
that it does indeed satisfy the D = 11 equations of motion.
Note that there are many known stable non-supersymmetric compactifications of D = 11 su-
pergravity of the form AdS4 ×M7 (see e.g. Ref. [15]) or indeed AdS5 ×M6 [16–18], or even purely
eleven-dimensional solutions, such as for example, the eleven-dimensional Schwarzschild-Tangherlini
solution [19]. However, the solution we construct here is the first such solution, as far as we are
aware, with non-trivial internal flux and uplifted from maximal gauged supergravity. While we can-
not comment on the eleven-dimensional stability of the solution, the fact that the compactification is
stable [12] in the sense of Breitenlohner-Freedman (BF) [20] is promising. Eleven-dimensional stabil-
ity would be established by demonstrating that the fluctuations associated with higher Kaluza-Klein
states also remain above the BF bound.
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The SO(3)×SO(3) invariant stationary point is a distinguished solution of the gauged theory.
Not only is it the only known stable non-supersymmetric solution, but it also has the most negative
value of the cosmological constant of all known stable points and several unstable points [13] and is,
therefore, likely [21] to be an attractive IR fixed point for many flows in the world-volume theory
on M2-branes [22]. One example of an RG flow in which this solution is the IR fixed point is
that considered in Ref. [12], where the UV fixed point is given by the maximally symmetric SO(8)
invariant stationary point [8, 23]. The study of such RG flows is important in so-called top-down
holographic applications to condensed matter systems (see e.g. Refs. [24, 25]).
The SO(3)×SO(3) invariant solution is an example of a compactification of the form (1.1).
Therefore, the uplift ansa¨tze for the metric and internal flux given in Refs. [3, 1] suffice. In this case,
the eleven-dimensional field equations 1
RMN =
1
72gMNF
2
PQRS − 16FMPQRFNPQR, (1.5)
E−1∂M (EFMNPQ) =
√
2
1152 iη
NPQR1...R4S1...S4FR1...R4FS1...S4 , (1.6)
reduce to [3]
Rµ
ν =
(
2
3 f
2
FR∆
4 + 172FmnpqF
mnpq
)
δνµ, (1.7)
Rm
n = −16FmpqrFnpqr +
(
1
72FpqrsF
pqrs − 13 f2FR∆4
)
δnm, (1.8)
◦
Dq
(
∆−1Fmnpq
)
= 124
√
2 fFR
◦
ηmnpqrstFqrst, (1.9)
where Rµ
ν and Rm
n denote components of the eleven-dimensional Ricci tensor RM
N ,
◦
Dm denotes
a background covariant derivative and
◦
ηm1...m7 is the permutation tensor with respect to the metric
◦
gmn. All seven-dimensional indices in the equations above are raised with g
mn, except for
◦
ηm1...m7 ,
whose indices are raised with
◦
gmn. We parametrise AdS4 and the seven-sphere such that
◦
Rµν = 3m
2
4
◦
gµν ,
◦
Rmn = −6m27 ◦gmn. (1.10)
There are three constants in (1.7)-(1.10), namely, m4, m7 and fFR. It is convenient to choose
m7 as the overall scale of the solution, since it is simply related to the coupling constant, g, of the
D = 4 theory [26],
m7 =
g√
2
. (1.11)
The remaining two constants are determined by the value of the scalar potential, Pcr = −P∗ g2, at
the stationary point, or, equivalently, the cosmological constant of the solution in four dimensions,
m24 =
2P∗
3
m27 . (1.12)
The value of the fFR parameter can be obtained from the uplift formulae in [26, 27] or the uplift
ansatz for the internal components of the 6-form dual [28, 29]. In particular, it has been conjectured
1We use the conventions of [9].
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that the following relation should hold for any stationary point [27]
fFR =
P∗√
2
m7 . (1.13)
However, a general proof of (1.13) beyond explicit examples remains an open problem. It is
straightforward to verify that for vanishing scalar fields one recovers the maximally supersymmetric
AdS4 × S7 Freund-Rubin solution [8] given by (1.10) with
m4 = 2m7, fFR = ±3
√
2m7 (1.14)
and no internal flux.
The outline of the paper is as follows: in section 2.1 we provide the necessary background in order
to be able to present the solution without dealing with the technical details. Then, in section 2.2, we
introduce the objects in terms of which we find the solution, which is presented in section 2.3. For
the reader who is simply interested in the solution, and not the technical details of its derivation,
section 2 is sufficient.
In section 3, we state identities satisfied by the SO(3)×SO(3) tensors – an outline of the derivation
of the identities is given in appendix B. The metric ansatz gives ∆−1gmn and some of the identities
listed in section 3.2 are used to invert this to find the metric, gmn, in section 5. Furthermore, the
identities are also used to find and simplify the expression for the 3-form potential, Amnp, from the
flux ansatz in section 5. The majority of the identities are, however, used, in section 6, to verify
that the field equations are satisfied.
We present the SO(3)×SO(3) invariant stationary point of D = 4 maximal supergravity [14] in
section 4. In particular, we recapitulate the scalar profile of the SO(3)×SO(3) invariant stationary
point, which is uplifted by means of the ansa¨tze, in section 5, to give the internal components of the
metric and 3-form potential of the eleven-dimensional solution.
In section 6, we verify that the solution found in section 5 satisfies the D = 11 supergravity
field equations. Given the general arguments that guarantee that the ansa¨tze obtained from the
uplift formulae solve the equations, this is not strictly necessary. However, we do this in order to
demonstrate the full complexity of the solution as well as to give the reader further confidence that
the uplift formulae do indeed provide bona fide solutions of the D = 11 equations.
Finally, in section 7 we re-express the eleven-dimensional solution in terms of ambient and lo-
cal coordinates, which are better adapted to the isometry of the solution than the stereographic
coordinates on S7 used in section 5.
In order to set conventions, we review some basic material, largely contained in Ref. [9], in
appendix A. For comparison, we list the identities satisfied by the SO(8) and SO(7) tensors for
the G2 and SU(4)
− solutions in appendix C. In appendix D, we demonstrate explicitly that the
solution can indeed be expressed solely in terms of a single set of (anti-)selfdual SO(8) tensors, as
argued in section 2. In the final appendix, E, we give an explicit representation of seven-dimensional
Γ-matrices and an embedding of R4 ⊕ R4 in R8, which is used in section 7.
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2 Overview
2.1 The uplift formulae and invariant tensors on S7
The (pseudo)scalars of the maximal gauged supergravity in four dimensions parametrise the non-
compact coset E7(7)/SU(8). In the unitary gauge, the group elements of the coset are given by the
scalar 56-bein [30]
V(x) = exp
(
0 φIJKL(x)
φIJKL(x) 0
)
=
(
uIJ
KL(x) vIJKL(x)
vIJKL(x) u
IJ
KL(x)
)
∈ E7(7) , (2.1)
where φIJKL ≡ φ∗IJKL is a complex, selfdual tensor field:
φIJKL =
1
24
εIJKLMNPQφMNPQ. (2.2)
The uplift formulae for the internal metric and 3-form potential [3, 1] are then written in terms of
the 56-bein, V(x), and the Killing vectors, KIJm , and 2-forms, KIJmn, on S7 as follows:2(
∆−1gmn
)
(x, y) =
1
8
KmIJ(y)KnKL(y)
[ (
uMNIJ + v
MNIJ
) (
uMN
KL + vMNKL
) ]
(x), (2.3)
and(
∆−1gpqAmnp
)
(x, y) = −
√
2
96
iKIJmn(y)K
q KL(y)
[ (
uMNIJ − vMNIJ
) (
uMN
KL + vMNKL
) ]
(x). (2.4)
In writing these and similar formulae we will adopt and apply the following convention consistently
throughout this paper:
The raising or lowering of indices on any geometric object on S7, is always done by means of the
round S7 metric g˚mn and its inverse. By contrast, to raise or lower indices on the physical fields
of D = 11 supergravity (as they appear for instance in (1.5) and (1.6)), we always employ the full
metric gmn and its inverse.
This means, in particular, that on the right hand side of the above equations we have KmIJ ≡
◦
gmnKIJn and so on.
The full metric gmn(x, y) is then obtained by inverting and peeling of the determinant factor
using
∆−9 = det(∆−1gmn ◦gnp) . (2.5)
For the 3-form field, Amnp(x, y), one must then insert the result for the densitised metric, ∆gqr, on
the right hand side of (2.4).
Formulae (2.3) and (2.4) are off-shell in the sense that they give the internal metric, gmn, and the
3-form potential, Amnp, for any configuration of the scalar fields of the maximal gauged supergravity
embedded in eleven-dimensional supergravity. In particular, note that the full antisymmetry of Amnp
in (2.4) is not manifest, but can be established by means of the E7(7) properties of the 56-bein V,
and is thus independent of whether the equations of motion are satisfied or not [1].
2For conventions and properties of the Killing spinors and tensors, see appendix A.
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The main task is thus to construct, from a given scalar field configuration φIJKL(x), the geometric
quantities gmn(x, y) and Amnp(x, y). To gain a better perspective on this problem, let us first
discuss the construction in a more general context before we specialise to SO(3)×SO(3) symmetric
configurations below. For the most general configuration that has no symmetries at all the scalar
field configuration would of course involve the full set of 35 scalars and 35 pseudoscalars. However,
we are here interested in specific configurations preserving some symmetry, for which we can restrict
attention to 3
φIJKL(x) =
∑
r
λ(r)(x)Φ
(r)
IJKL + i
∑
s
µ(s)(x)Ψ
(s)
IJKL (2.6)
where
{
Φ
(r)
IJKL
}
and
{
Ψ
(s)
IJKL
}
form a basis of invariant real selfdual and real anti-selfdual 4-forms
(when we are dealing with real tensors the position of the indices I, J, ... does not matter). If one
is looking for stationary points preserving a given symmetry, the scalar manifold is accordingly
parametrised by coordinates
{
λ(r), µ(s)
}
. Simple examples of invariant 4-forms (for which the labels
r and s are not needed) are
ΦIJKL = C
+
IJKL , ΨIJKL = 0 for SO(7)
+ symmetry;
ΦIJKL = 0 , ΨIJKL = C
−
IJKL for SO(7)
− symmetry;
ΦIJKL = C
+
IJKL , ΨIJKL = C
−
IJKL for G2 symmetry.
For the SO(3)×SO(3) solution we are about to construct, there are two invariant selfdual and two
invariant anti-selfdual 4-forms, which are given in (2.16) below. In order to rewrite the solution
in terms of geometric objects adapted to the (deformed) S7 geometry, we define a set of invariant
tensors via
ξ(r)m =
1
16
Φ
(r)
IJKLK
IJ
mnK
nKL , ξ(r)mn = −
1
16
Φ
(r)
IJKLK
IJ
m K
KL
n , ξ
(r) = g˚mnξ(r)mn (2.7)
for the scalars, and
S(s)mnp =
1
16
Ψ
(s)
IJKLK
IJ
mnK
KL
p (2.8)
for the pseudoscalars. By virtue of their definition and the (anti-)selfduality properties of the invari-
ant 4-forms, these tensors satisfy the relations
◦
Dmξ = 2m7ξm,
◦
Dmξ
(r)
n = 6m7 ξ
(r)
mn − 2m7 ξ(r)g˚mn,
◦
Dmξ
(r)
np =
1
3
m7
(
◦
gnpξ
(r)
m − ◦gm(nξ
(r)
p)
)
,
◦
DmS
(s)
npq =
1
6
m7η˚mnpq
rstS
(s)
rst (2.9)
3Of course, at the stationary point, we can group all scalars and pseudoscalars into single SO(8) invariant objects
with associated SO(7) tensors, defined in an analogous manner to those defined in (2.7) and (2.8). In this case, one is
guaranteed that the solution may be written solely in terms of these reduced set of SO(7) tensors. However, the result
will not, in general, take a ‘nice’ form (see appendix D for a demonstration of this for the SO(3)×SO(3) invariant
solution).
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for all r and s. Furthermore, we have the inversion formulae
Φ
(r)
IJKL =
1
6
ξ(r)K [IJm K
mKL] − 3
2
ξ(r)mnK [IJm K
KL]
n +
1
12
ξ(r)mK [IJmnK
nKL] ,
Ψ
(s)
IJKL =
1
2
S(s)mnpK
mn[IJKpKL] ,
(2.10)
which are, again, valid separately for all r and s.
Now, for any specific set of invariant 4-forms we will need further identities. First, such identities
are needed to perform the exponentiation required for the calculation of uIJKL, v
IJKL and their
complex conjugates in (2.1). Second, we need these identities to solve the uplift formulae for gmn
and Amnp and to bring the resulting expressions into a manageable form.
The simplest examples, again, are provided by the SO(7)± and G2 solutions for which the
invariant 4-forms C±IJKL obey
C±IJMNC
±
MNKL = 12δ
IJ
KL ± 4C±IJKL, (2.11)
i.e. their contractions either reproduce the same 4-forms or give the identity. The general case is
more complicated because any product of 4-forms may produce new invariant tensors that are not
4-forms. The simplest example here is the G2 solution that depends on both C
+
IJKL and C
−
IJKL, as
well as the product C+IJMNC
−
MNKL, which defines a new invariant tensor (which is not a 4-form);
this object then completes the list of G2 invariant tensors. A more complicated example is the tensor
FIJ defined in (2.18) and further invariant objects for the SO(3)×SO(3) solution. Consequently we
will need to evaluate products such as
Φ
(r)
IJMNΦ
(r′)
MNKL , Φ
(r)
IJMNΨ
(s)
MNKL , Φ
(r)
IJMNΨ
(s)
MNPQΦ
(r′)
PQKL , etc. (2.12)
and either reduce them to previously defined expressions or add them as new objects to the list of
invariant tensors. The procedure stops when all products or contractions reproduce objects already
contained in the list; exploiting all such identities should enable us to compute uIJKL and v
IJKL in
a closed form.
Furthermore, as we will explain below in much detail for the SO(3)×SO(3) case, the identities
satisfied by the above invariants entail a corresponding hierarchy of identities for the geometric
tensors introduced in (2.7) and (2.8). The main use of these identities will be in carrying out the
inversion required to derive the metric and 3-form from the uplift formulae (2.3) and (2.4) and
in bringing the resulting expressions into a manageable form. This last step is necessary for the
verification of the D = 11 field equations which would otherwise be unmanageably complicated.
Before proceeding let us comment on another point. In Kaluza-Klein theory one is usually
interested in calculating the mass spectrum of a given compactification, and the massless states in
particular. This requires a linearised expansion of the metric (2.3) and the 3-form potential (2.4) in
the scalar fluctuations around a given vacuum. For the maximally symmetric S7 compactification
we thus have [23, 31]
gmn(x, y) =
◦
gmn(y) +
∑
AIJKL(x)YIJKLmn (y) + . . . ,
Amnp(x, y) =
∑
BIJKL(x)YIJKLmnp (y) + . . . , (2.13)
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where AIJKL and BIJKL are the 35 scalar and 35 pseudoscalar fields of N = 8 supergravity (φ
IJKL =
AIJKL + iBIJKL), and, where the ellipses denote massive modes. The corresponding eigenmodes
have been known for a long time [23, 31]
YIJKLmn (y) = K [IJm KKL]n −
1
9
◦
gmnK
p[IJKKL]p ,
YIJKLmnp (y) = K [IJ[mnK
KL]
p] . (2.14)
The formulae (2.3) and (2.4) are thus the consistent non-linear extensions of the above formulae
(it is straightforward to check that the linearised formulae follow directly from (2.3) and (2.4) by
expanding the latter to first order in the scalar and pseudoscalar fields). One can therefore ask
whether it is possible to directly ‘exponentiate’ the formulae (2.13). The above discussion shows
that this is indeed possible for restricted configurations if one has enough tensor identities at hand.
2.2 Invariant tensors for the SO(3)×SO(3) solution
The SO(3)×SO(3) subgroup of SO(8), which is the symmetry of the stable stationary point in
maximal gauged supergravity, is defined by the following branchings of the three fundamental rep-
resentations:
8v −→ (3,1) + (1,3) + 2× (1,1) , 8s,c −→ 2 × (2,2) . (2.15)
In the conventions that we are using, the eight gravitini, ψI , and the Killing spinors, ηI , on S7,
transform under 8v. We choose the two SO(3) groups to act on the subspaces defined by I = 1, 2, 3
and I = 6, 7, 8, respectively. Then the four invariant noncompact generators of E7(7) are given by
the tensors
Y +IJKL = 4!
(
δ1234IJKL + δ
5678
IJKL
)
, Y −IJKL = 4!
(
δ1235IJKL + δ
4678
IJKL
)
,
Z−IJKL = 4!
(
δ1234IJKL − δ5678IJKL
)
, Z+IJKL = 4!
(
δ1235IJKL − δ4678IJKL
)
,
(2.16)
where Y +IJKL and Z
+
IJKL are selfdual, while Y
−
IJKL and Z
−
IJKL are anti-selfdual. In section 5, we
show that the simplest and most symmetric form of the solution is obtained in terms of the following
invariants defined by these tensors: 4
ξm =
1
16
Y +IJKLK
IJ
mnK
nKL, ξmn = − 1
16
Y +IJKLK
IJ
m K
KL
n , ξ = g˚
mnξmn,
ζm =
1
16
Z+IJKLK
IJ
mnK
nKL, ζmn = − 1
16
Z+IJKLK
IJ
m K
KL
n , ζ = g˚
mnζmn,
Smnp =
1
16
Y −IJKLK
IJ
[mnK
KL
p] , Tmnp =
1
16
Z−IJKLK
IJ
[mnK
KL
p] , (2.17)
as well as two additional tensors
Fm = FIJK
IJ
m , Fmn = FIJK
IJ
mn , FIJ = δ
45
IJ , (2.18)
4Cf. definitions (2.7) and (2.8).
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which satisfy (see section 3)
Fm =
1
18
η˚mnpqrstS
npqT rst ,
◦
DmFn = −m7 Fmn . (2.19)
Note that, as emphasised before, the objects defined in (2.17) and (2.18) belong to S7. Hence, their
indices are raised and lowered with g˚mn and its inverse, for instance ξ
mn ≡ g˚mpg˚nqξpq.
2.3 The solution
We are now in a position to state the main result of this paper, which is an explicit uplift of
the solution at the SO(3) × SO(3) stationary point of the scalar potential written in terms of the
geometric quantities introduced above. The solution below is presented in its simplest and the most
symmetric form. We refer the reader to section 5 for a more general form of the solution which, in
particular, includes an additional parameter, α, corresponding to an accidental U(1) symmetry of
the potential. The solution below is for α = −π/4.
The internal metric of the uplifted solution is
gmn =
∆2
18
[
(X 2 + Z2)˚gmn − 12(X ξmn + Zζmn) + 2fmfn
]
, (2.20)
where
fm = 6Fm −
√
5 ξm +
√
5 ζm . (2.21)
The 3-form flux is
Amnp =
∆3
18
√
2
[(√5
3
Z(X − Z)− X − 5Z
)
Smnp +
(√5
3
X (X − Z) + 5X + Z
)
Tmnp
+
1
27
η˚mnpqrst (Zξq − X ζq)
(ZSrst + XT rst)− 4
3
(X ξ[m +Zζ[m)Snp]qξq ] , (2.22)
where the warp factor, ∆, is given by
∆3 =
36
X 2 + 10XZ + Z2 , (2.23)
with
X = 2 ξ − 3
√
5 , Z = 2 ζ − 3
√
5 . (2.24)
The solution is now complete modulo two constants, which as discussed in the introduction, are
determined by the value of the potential, P∗, at the stationary point using (1.12) and (1.13). For
the SO(3)×SO(3) point, P∗ = 14. Hence,
m24 =
28
3
m27 , fFR = 7
√
2m7 . (2.25)
In particular, the fact that the value of fFR given above, as determined by equation (1.13), is consistent
with a solution of the equations of motion is further evidence for the validity of this conjectured
relation (1.13) between fFR and the potential. The remaining constant, m7, sets the overall scale of
the solution.
One should note that the metric and the 3-form potential in (2.20) and (2.22) are obtained by an
application of the identities derived in section 3 to simplify the “raw” expressions that follow from
the uplift formulae. We refer the reader to section 5 for details of the derivation and to section 7 for
another form of the solution in which the geometry of the internal space is perhaps more transparent.
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3 Identities for SO(3)×SO(3) invariants
In this section, we present in a systematic way a set of identities for the geometric objects
ξ , ζ , ξm , ζm , ξmn , ζmn , Smnp , Tmnp , Fm , Fmn , (3.1)
defined in (2.17) and (2.18). These identities are crucial for the discussion in subsequent sections,
in particular, we need them to derive, in section 5, the simplified form of the solution in (2.20)
and (2.22) and to verify that the equations of motion are satisfied in section 6. They are also of
interest on their own as the starting point for identifying the SO(3)×SO(3) geometry underlying our
solution. Such an identification would allow one to construct a large class of new solutions in which
the underlying internal manifold is not necessarily the round seven-sphere in much the same way as
is done when extending the SU(4)− solution [6] to arbitrary Sasaki-Einstein manifolds [32, 6, 33].
The identities we are looking for fall into two broad categories: (i) generic identities, which are
proved using only the (anti-)selfduality property of the underlying SO(8) tensors and properties
of the Killing vectors/spinors; 5 (ii) identities specific to the objects (3.1). These are proved by
exploiting the concrete SO(3)×SO(3) invariant form of the SO(8) tensors Y ±IJKL, Z±IJKL and FIJ
defined in (2.16) and (2.18).
3.1 Generic identities
The identities in this section follow from the particular dependence of the SO(7) tensors (3.1) defined
in (2.17) and (2.18) on the Killing vectors/spinors. They do not require specific knowledge of how
the underlying SO(8) tensors are defined. We refer the reader to Refs. [5, 34, 35, 2] for proofs and
further details.
Equations (2.17) and (2.18) can be inverted using the completeness property of the Γ-matrices.
This yields, cf. (2.10),
Y +IJKL =
1
6
ξK [IJm K
mKL] − 3
2
ξmnK [IJm K
KL]
n +
1
12
ξmK [IJmnK
nKL], Y −IJKL =
1
2
SmnpK [IJmnK
KL]
p ,
Z+IJKL =
1
6
ζK [IJm K
mKL] − 3
2
ζmnK [IJm K
KL]
n +
1
12
ζmK [IJmnK
nKL], Z−IJKL =
1
2
TmnpK [IJmnK
KL]
p ,
F IJ =
1
8
FmKIJm +
1
16
FmnKIJmn. (3.2)
Similarly, the background covariant derivative of the SO(7) tensors can be computed using the
Killing spinor equation (A.8)
D˚mξ = 2m7ξm, D˚mξn = 6m7ξmn − 2m7ξg˚mn, D˚pξmn = 1
3
m7
(˚
gmnξp − g˚p(mξn)
)
,
D˚mζ = 2m7ζm, D˚mζn = 6m7ζmn − 2m7ζg˚mn, D˚pζmn = 1
3
m7
(˚
gmnζp − g˚p(mζn)
)
,
D˚mSnpq =
1
6
m7η˚mnpqrstS
rst, D˚mTnpq =
1
6
m7η˚mnpqrstT
rst,
D˚nFm = m7Fmn, D˚pFmn = 2m7g˚p[mFn]. (3.3)
5All identities in section 2.1 fall into this category.
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We stress once more that both (3.2) and (3.3) do not depend on the particular forms of the SO(8)
tensors Y ±IJKL, Z
±
IJKL and FIJ .
3.2 Special identities
The starting point for proving the identities satisfied by the SO(7) tensors and listed in tables 1-7 are
various contraction identities for the SO(8) tensors Y ±IJKL, Z
±
IJKL and FIJ . The latter follow directly
from the definitions of these tensors in Eqs. (2.16) and (2.18), and can be split into several groups
depending on the number of factors and the number of contractions. Each group then gives rise to
different types of SO(7) identities. The identities given in this section are sufficient for determining
the internal components of the metric and 3-form potential from the uplift ansa¨tze and proving that
the metric and 3-form potential thus obtained solve the field equations.
A. Double contraction identities between two of the Y ±IJKL and Z
±
IJKL tensors:
Y +IJMNY
+
MNKL = Z
−
IJMNZ
−
MNKL, Y
−
IJMNY
−
MNKL = Z
+
IJMNZ
+
MNKL, (3.4)
Y +IJMNZ
+
MNKL = Z
−
IJMNY
−
MNKL, Y
−
IJMNZ
−
MNKL = Z
+
IJMNY
+
MNKL, (3.5)
and
Y +IJMNY
−
MNKL = Z
−
IJMNZ
+
MNKL, Y
−
IJMNY
+
MNKL = Z
+
IJMNZ
−
MNKL,
Z+IJMNY
−
MNKL = Y
−
IJMNZ
+
MNKL, Y
+
IJMNZ
−
MNKL = Z
−
IJMNY
+
MNKL. (3.6)
Note that each set of (anti-)selfdual tensors, Y ±IJKL and Z
±
IJKL, respectively, do not in themselves
lead to simple quadratic identities, but are instead related to each other via quadratic relations. This
is pertinent to the discussion in section 2.1 and appendix D, where it is argued that one can always
make do with a single set of (anti-)selfdual tensors at the price of working to higher order. Here we
see that there are no self-contained set of quadratic identities for a single set of (anti-)selfdual tensors.
Therefore, the result is that one must work with expressions that are higher-order in tensors—as
illustrated explicitly in appendix D. This is to be contrasted with the previously known uplifts where
the situation is simpler, see table 8. In the case of the G2 invariant quantities, there are quadratic
relations between the single set of (anti-)selfdual tensors. While in the slightly more complicated
SU(4)− example, the single set of (anti-)selfdual 4-form tensors close on a 2-form tensor, rather than
another set of 4-form tensors. More generally, for stationary points with even less symmetry the
lesson seems to be that one must include enough (anti-)selfdual tensors in order to have quadratic
relations between the tensors. Otherwise, the metric and 3-form potential will not be expressible at
most quadratically in the SO(7) tensors.
B. Double contraction identities with triple factors:
Y +IJMNY
+
MNPQY
+
PQKL = 4Y
+
IJKL, Z
+
IJMNZ
+
MNPQZ
+
PQKL = 4Z
+
IJKL, (3.7)
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as well as
Y −IJMNY
−
MNPQY
−
PQKL = 4Y
−
IJKL, (3.8)
Y +IJMNY
−
MNPQY
+
PQKL = 0, Y
−
IJMNY
+
MNPQY
−
PQKL = 0, (3.9)
Y −IJMNY
+
MNPQY
+
PQKL + Y
+
IJMNY
+
MNPQY
−
PQKL = 4Y
−
IJKL, (3.10)
Y +IJMNY
−
MNPQY
−
PQKL + Y
−
IJMNY
−
MNPQY
+
PQKL = 4Y
+
IJKL, (3.11)
and analogous identities obtained by replacing Y by Z in the above identities.
C. Identities involving the FIJ tensor:
Y +IKLMZ
+
JKLM = Z
−
IKLMY
−
JKLM = 12FIJ , (3.12)
Y ±IJKLF
KL = Z±IJKLF
KL = 0, (3.13)
8Y ±[IJK|M |F
M
L] = ±Z±IJKL, 8Z±[IJK|M |FML] = ∓Y ±IJKL. (3.14)
Given the identities for the SO(8) tensors, it is clear from the inversion formulae (3.2) that these
identities imply identities satisfied by the SO(7) tensors in (3.1). We list these identities in tables
1–4. Note that we do not use the cubic identities (3.11) in deriving the SO(7) tensor identities—they
will be used in section 4 to exponentiate the 56-bein in the unitary gauge.
While it is correct that the SO(7) tensor identities in tables 1–4 are a consequence of substituting
the inversion formulae into the SO(8) tensor identities (3.4)–(3.7) and (3.12), (3.14), it is rather
laborious to obtain these identities by the said method—at least without the aid of a computer
program. In appendix B, we sketch a simpler proof for these identities. Furthermore, in the appendix
we explain how the identities listed in tables 5–7 are derived from the identities in tables 1–4. Despite
the fact that the derivation of these identities is quite an involved task, we have tried to present the
identities as systematically as possible. In particular, the order in which the identities are presented
is such as to indicate the fact that identities listed prior to a given identity may have been used to
derive or simplify that identity. This means that, for instance, we have included an identity that
may be obtained by contracting another identity, allowing the reader to check the consistency of
the two. In any case, here we limit the explanation of the derivations to the comments in the table
captions, sketching a derivation of the identities in appendix B.
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Table 1
(i) ξmnξmn =
3
2
+
ξ2
6
, ξpξp = 9− ξ2, ζmnζmn = 3
2
+
ζ2
6
, ζpζp = 9− ζ2
(ii) SmnpS
mnp = 6, TmnpT
mnp = 6
(iii) ξmnξn = 0, ζ
mnζn = 0
(iv) ξmpξnp =
(
1
4
− ξ
2
36
)
g˚mn +
ξ
3
ξmn − 1
36
ξmξn, ζmpζnp =
(
1
4
− ζ
2
36
)
g˚mn +
ζ
3
ζmn − 1
36
ζmζn
(v) SmpqSnpq =
(
1− ζ
2
9
)
g˚mn − 1
9
ζmζn +
2ζ
3
ζmn, TmpqT npq =
(
1− ξ
2
9
)
g˚mn − 1
9
ξmξn +
2ξ
3
ξmn
(vi) η˚mnqrstuT
qrsT tup = 8ξ[mξn]p −
4
3
ξξ[mg˚n]p, η˚mnqrstuS
qrsStup = 8ζ[mζn]p −
4
3
ζζ[mg˚n]p
(vii) SmnrSpqr = 2ζ
[m
[pζ
n]
q] +
(
1
2
− ζ
2
18
)
δmnpq −
1
9
ζ [mζ[pδ
n]
q]
(viii) TmnrTpqr = 2ξ
[m
[pξ
n]
q] +
(
1
2
− ξ
2
18
)
δmnpq −
1
9
ξ[mξ[pδ
n]
q]
Identities derived from (3.4) and (3.7).
Table 2
(i) ξmζm = −ξζ, ξmnζmn = 1
6
ξζ, SmnpT
mnp = 0
(ii) η˚mnpqrstSnpqTrst = 18F
m
(iii) ξmnζn =
ξ
6
ζm − ζ
6
ξm +
3
2
Fm, ζmnξn = −ξ
6
ζm +
ζ
6
ξm − 3
2
Fm
(iv) ξmpζnp = − 1
36
ξζg˚mn − 1
36
ξmζn +
1
6
(ζξmn + ξζmn) +
1
4
Fmn
(v) SmpqT
npq = −1
9
ξζg˚mn − 1
18
(ξmζn + ζmξn) +
1
3
(ζξmn + ξζmn)− 1
2
Fmn
(vi) η˚npqrstuSm
qrT stu = −4ξm[nζp] − 4ζm[nξp] +
2
3
ζg˚m[nξp] +
2
3
ξg˚m[nζp] − 6˚gm[nFp]
(vii) η˚npqrstuTm
qrSstu = −4ξm[nζp] − 4ζm[nξp] +
2
3
ζg˚m[nξp] +
2
3
ξg˚m[nζp] + 6˚gm[nFp]
(viii) SmnrTpqr + T
mnrSpqr = −1
9
ξζδmnpq −
1
9
ξ[mζ[p δ
n]
q] −
1
9
ζ [mξ[p δ
n]
q] + 4ξ
[m
[pζ
n]
q]
Identities derived from (3.5) and (3.12).
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Table 3
(i) Smnpξ
p + Tmnpζ
p = 0, Smnpζ
p = Tmnpξ
p = 0
(ii) Sqmnζp
q = Sq[mnζp]
q =
ζ
3
Smnp − 1
36
η˚mnpqrstζ
qSrst
(iii) Tqmnξp
q = Tq[mnξp]
q =
ξ
3
Tmnp − 1
36
η˚mnpqrstξ
qT rst
(iv) 4ζqrTrmn − 1
9
η˚qmnstuvζ
sT tuv = 8Ssq [mξn]s −
4
3
ξSqmn
(v) 4ξqrSrmn − 1
9
η˚qmnstuvξ
sStuv = 8T sq [mζn]s −
4
3
ζT qmn
Identities derived from (3.6).
Table 4
(i) SmnpFnp = 0, S
mnpFp =
1
12
η˚mnpqrstSpqrFst
(ii) TmnpFnp = 0, T
mnpFp =
1
12
η˚mnpqrstTpqrFst
(iii) Sq[mnF p]q =
2
3
Tmnp +
1
18
η˚mnpqrstSqrsFt
(iv) T q[mnF p]q = −2
3
Smnp +
1
18
η˚mnpqrstTqrsFt
Identities derived from (3.13) and (3.14).
Table 5
(i) Fmξ
m = ζ, Fmζ
m = −ξ, Fmξmn = 1
6
ζn +
ξ
6
Fn, Fmζ
mn = −1
6
ξn +
ζ
6
Fn
(ii) Fmnξ
n = −ζm − ξFm, Fmpξpn = ζ
6
g˚mn − 1
6
Fmξn − ζmn + ξ
6
Fmn
(iii) Fmnζ
n = ξm − ζFm, Fmpζpn = −ξ
6
g˚mn − 1
6
Fmζn + ξmn +
ζ
6
Fmn
(iv) FmFm = 1, F
mnFn = 0, F
mpFpn = F
mFn − δmn
F -tensor identities derived by contractions of the equations in (iii) and (iv)
in table 2 with ξm, ζm, Fm, ξmq, ζmq and Fmq.
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Table 6
(i) ξsmSnp
s + ζsmTnp
s = ξs[mSnp]
s + ζs[mTnp]
s
(ii) ξs[mSnp]
s =
1
9
(ζTmnp + 2ξSmnp)− 1
108
η˚mnpqrst(2ζ
qT rst + ξqSrst)
(iii) ζs[mTnp]
s =
1
9
(ξSmnp + 2ζTmnp)− 1
108
η˚mnpqrst(2ξ
qSrst + ζqT rst)
Identities derived from the equations in (iv) and (v) in table 3.
Table 7
(i) η˚mnpqrstξ
pζqSrst = 6ζSmnpξ
p + 54SmnpF
p, η˚mnpqrstζ
pξqT rst = 6ξTmnpζ
p − 54TmnpF p
(ii) η˚mnpqrstF
pζqSrst = 6Smnpξ
p + 6ζSmnpF
p, η˚mnpqrstF
pξqT rst = −6Tmnpζp + 6ξTmnpF p
(iii) η˚mnpqrstF
pξqSrst = 6ξSmnpF
p, η˚mnpqrstF
pζqT rst = 6ζTmnpF
p
Identities derived by contractions of the equations in (ii)–(iii) in table 3 with ξp, ζp
and F p; and contractions of (iii) and (iv) in table 4 with ξm and ζm, respectively.
4 The SO(3)×SO(3) solution of gauged supergravity
In the unitary gauge defined in equation (2.1), the u and v matrices are of the form
uIJ
KL =
∞∑
n=0
1
(2n)!
[(φφ∗)n]IJKL , v
IJKL =
∞∑
n=0
1
(2n + 1)!
[φ∗(φφ∗)n]IJKL . (4.1)
For an SO(3)×SO(3) invariant configuration, the most general parametrisation of the scalar and
pseudoscalar expectation value φIJKL is given by the SO(3)×SO(3) invariant quantities defined in
equation (2.16)
φIJKL =
λ
2
[
cosα
(
Y +IJKL + iY
−
IJKL
)− sinα (Z+IJKL − iZ−IJKL)] , (4.2)
where the parameter α may be freely chosen without loss of generality. This is because, while the
relevant SO(3)×SO(3) invariant truncation of the theory contains two complex scalars, the potential
corresponding to this truncation is invariant under an extra U(1) symmetry that lies outside the
gauge group, namely SO(8) [21]. The α parameter corresponds to this U(1) freedom that leaves the
potential invariant. In what follows we will choose to keep the value of α general. Interestingly, from
an eleven-dimensional perspective we find that α corresponds to a coordinate transformation of the
eleven-dimensional solution along the seven compactified directions (see section 5.3).
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In exponentiating the scalar expectation value φIJKL to find the u and v matrices, it is useful to
define 6
Π =
1
8
(
Y + + iY −
) (
Y + − iY −) = 1
8
(
Z+ − iZ−) (Z+ + iZ−) , (4.4)
which, using the cubic identities (3.7) and (3.11), satisfies the following properties
Π2 = Π, Π∗IJKL = ΠKLIJ . (4.5)
Therefore, Π is a hermitean projector, and(
Y + − iY −)Π = Y + − iY −, (Z+ + iZ−)Π = Z+ + iZ−. (4.6)
In particular, using identities (3.7), we find that
φφ∗ = 2λ2Π, φ∗Π = φ∗. (4.7)
Hence, the u and v matrices may be written as follows
uIJ
KL = δKLIJ + (c− 1)ΠIJKL, (4.8)
vIJKL =
s
2
√
2
[
cosα(Y + − iY −)− sinα(Z+ + iZ−)]
IJKL
, (4.9)
where
c = cosh(
√
2λ), s = sinh(
√
2λ).
The scalar potential for the scalar λ reads
P = −g
2
2
(s4 − 8s2 − 12), (4.10)
and, indeed, does not depend on α.
The SO(3)×SO(3) invariant stationary point is given by
dP
ds
= 0 , (4.11)
and corresponds to [14]
c =
√
5, s = 2. (4.12)
This stationary point is the only known stable non-supersymmetric stationary point of D = 4
maximal supergravity [12, 13]. In fact, there clearly exists another stationary point corresponding
to s→ −s, that is s = −2. From the perspective of the D = 11 solution this corresponds to
Amnp → −Amnp under which the equations of motion (1.7)-(1.9) are invariant. We will take s = 2
henceforth, while keeping this in mind.
6In what follows, we make use of the short-hand notation
AB = (AB)IJKL = AIJMNBMNKL. (4.3)
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5 The SO(3)×SO(3) solution of D = 11 supergravity
Given the scalar profile of the SO(3)×SO(3) invariant solution of the gauged theory described in the
previous section, the eleven-dimensional SO(3)×SO(3) solution is simply constructed by applying
the uplift formulae (2.3) and (2.4) for the internal metric and 3-form potential [3, 1]. In this section
we present the details of the calculation leading to the solution in its simplified form.
5.1 The internal metric
We apply the uplift formula (2.3) to evaluate the metric from the data at the SO(3)×SO(3) invariant
stationary point. The Sp(56) property of the u and v matrices [36]
uMNIJ uMN
KL − vMNIJ vMNKL = δKLIJ , (5.1)
uMNIJ vMNKL − vMNIJ uMNKL = 0, (5.2)
can be used to rewrite the scalar part of the metric ansatz (2.3) as follows(
uMNIJ + v
MNIJ
) (
uMN
KL + vMNKL
)
= −δKLIJ + 2Re
(
uMNIJuMN
KL + vMNIJuMN
KL
)
. (5.3)
Substituting in the expressions for u and v, equations (4.8) and (4.9), we find that
Re
(
uMNIJuMN
KL + vMNIJuMN
KL
)
= δKLIJ + s
2Re(ΠIJKL) +
sc
2
√
2
(
cosαY + − sinαZ+)
IJKL
.
(5.4)
Contracting the expression above with KmIJKnKL and using the completeness relation (B.1) to
rewrite the expression in terms of SO(7) tensors gives
∆−1gmn(x, y) = g˚mn +
s2
4
[
1
9
g˚m[nξq]ξq + 2ξ
mpξnp + S
mpqSnpq +
1
9
g˚m[nζq]ζq + 2ζ
mpζnp + T
mpqT npq
]
−
√
2sc (cosαξmn − sinαζmn) . (5.5)
Using the SO(7) identities in table 1, the above expression reduces to
∆−1gmn =
[
c2 − s
2
18
(ξ2 + ζ2)
]
g˚mn − s
2
18
(ζmζn + ξmξn) +
s
3
(X1ξmn + Z1ζmn) , (5.6)
where
X1(α) = ξs− 3
√
2c cosα, Z1(α) = ζs+ 3
√
2c sinα. (5.7)
The first four lines of equations in tables 1 and 2 and the identities in table 5 can be used to
invert the densitised metric (still for arbitrary α)
∆gmn =
1
X 22 + 2c2X2Z2 + Z22 + Y
[
2(X 21 + Z21 )˚gmn − 12s(X1ξmn + Z1ζmn) + s2fmfn
]
, (5.8)
where
X2(α) =
√
2 cosα ξs− 3c , Z2(α) = −
√
2 sinα ζs− 3c ,
Y(α) = s4(cos2 α− sin2 α)(ξ2 − ζ2),
(5.9)
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and
fm(α) =
√
2c cosα ζm +
√
2c sinα ξm + 3sFm . (5.10)
We can calculate the warp factor, ∆, using (2.5), by evaluating the variations
∆gmn δ(∆
−1gmn) , (5.11)
with respect to α and λ. After simplifying (5.11) using identities in tables 1, 2 and 5, one can
integrate back to obtain ∆, with the overall normalisation fixed by requiring that ∆ = 1 for λ = 0.
This gives
∆3 =
36
X 22 + 2c2X2Z2 + Z22 + Y
. (5.12)
This completes the derivation of the uplifted metric tensor, gmn, for arbitrary values of λ and α.
5.2 The internal flux
As before, we simplify the scalar part of the flux ansatz (2.4) using the Sp(56) property of the u and
v matrices (
uijIJ − vijIJ
) (
uij
KL + vijKL
)
= δIJKL + 2i Im
(
uijIJuij
KL − vijIJuijKL
)
. (5.13)
For the u and v matrices corresponding to the SO(3)×SO(3) invariant sector
Im
(
uijIJuij
KL − vijIJuijKL
)
= s2 Im(ΠIJKL) +
sc
2
√
2
Y −IJKL. (5.14)
Contracting the above expression withKIJmnK
q KL and making use of the completeness relation (B.1),
the flux ansatz (2.4) gives
∆−1gpqAmnp(x, y) =
s2
48
√
2
(
8Ssq [mξn]s −
4
3
ξSqmn − 4ξqrSrmn + 1
9
η˚qmnstuvξ
sStuv
− 8T sq [mζn]s +
4
3
ζT qmn + 4ζ
qrTrmn − 1
9
η˚qmnstuvζ
sT tuv
)
+
1
6
sc (cosαSqmn + sinαT
q
mn) .
(5.15)
Upon use of the identities in tables 3 and 6, the expression above simplifies significantly:
∆−1gpqAmnp =
s
6
√
2
(
2sSsq [mξn]s − 2sT sq[mζn]s −
1
3
X1Sqmn + 1
3
Z1T qmn
)
. (5.16)
Multiplying the above equation by the metric and substituting the expression (5.8) for ∆gpq, and
making full and repeated use of the SO(7) identities in section 3.2, the resulting expression reduces
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Amnp =
∆3
18
√
2
[
−
(s
2
(1 + c2)X1 + s
3c
6
√
2 ζ (sinα ξ + cosα ζ)
)
Smnp
+
(s
2
(1 + c2)Z1 − s
3c
6
√
2 ξ (sinα ξ + cosα ζ)
)
Tmnp
+
s2
108
η˚mnpqrst (Z1ξq − X1ζq)
(Z1Srst + X1T rst)
− s
3
6
(X1ξ[m + Z1ζ[m)Snp]qξq ] .
(5.17)
with ∆ given in (5.12).
Note that while it is clear that the metric obtained from the ansatz (2.3) is manifestly symmetric
in its indices, this is not the case for the 3-form potential (2.4). However, as is shown in Ref. [1], the
antisymmetry property of the 3-form potential is guaranteed to hold even off-shell for any values of
the scalar fields as is the case for the 3-form potential in (5.17).
This concludes the uplift of the SO(3)×SO(3) stationary point to D = 11 supergravity. It is
indeed remarkable that such a complicated solution as this one can be so simply derived in the
matter of a few calculational steps.
5.3 Choice of α
As remarked earlier, from the point of view of gauged supergravity we are free to choose α without
loss of generality, because of an accidental U(1) symmetry of the potential that is outside the
gauge group. This is a novel feature of the SO(3)×SO(3) invariant truncation and is absent for
other truncations for which the higher dimensional uplift is known. There ought to be a way of
understanding this redundancy in the choice of α from an eleven-dimensional perspective. Given
that in the four-dimensional theory the U(1) transformation does not lead to a different stationary
point, it must be the case that for any choice of α the uplifted solutions are equivalent, viz. they are
related by coordinate transformations as we demonstrate here. Specifically, we find that a shift in
the parameter α corresponds to a diffeomorphism in the seven compactified dimensions, in the sense
that
δα (∆gmn(α)) = LV (∆gmn(α)) , δα (Amnp(α)) = LV (Amnp(α)) , (5.18)
with the generating vector field V 7
V = − 1
2m7
FmD˚m. (5.19)
This allows us to pick any particular value of α: checking the equations of motion for that particular
value then implies that the equations are also satisfied for other values of α. Henceforth, we choose
7Note that, while V is a Killing vector on the background internal space, corresponding to the round S7, it is no
longer a Killing vector in the deformed space given by the metric gmn. In deforming the round seven-sphere to obtain
the SO(3)×SO(3) invariant solution, the number of Killing vector fields reduces from 28 to 6; these are given by K12,
K13, K23, K67, K68 and K78.
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to fix the value of α,
α = −π
4
, (5.20)
so that the metric (5.8) is symmetric under the interchange of tensors defined with respect to Y ±IJKL
and Z±IJKL. In this case,
sin(α) = − 1√
2
, cos(α) =
1√
2
, Y = 0, (5.21)
X1 = X2 ≡ X = ξs− 3c, Z1 = Z2 ≡ Z = ζs− 3c, (5.22)
and the metric determinant is:
∆ = 361/3
(X 2 + 2c2XZ + Z2)−1/3 . (5.23)
In summary, at the stationary point values given by equation (4.12), we find the internal metric
and 3-form potential given in equations (2.20) and (2.22). It is only at the stationary point values,
given in equation (4.12), that these expressions solve the equations of motion (1.7)–(1.9). Note also
that with the choice of α given in this section, the metric is indeed symmetric under the interchange
of tensors defined using invariants Y ±IJKL and Z
±
IJKL, while the 3-form is antisymmetric.
8 Given
the symmetric form of the solution for the choice of α = −π/4, this is the solution that we work
with in order to verify that the field equations are satisfied.
6 Verification of the Einstein and Maxwell equations
In this section, we verify that the SO(3)×SO(3) invariant solution does indeed satisfy the field
equations of D = 11 supergravity, equations (1.7)–(1.9). It is a surprising fact that the verification
forms by far the most involved part of the work and requires the use of many of the identities listed in
section 3.2. In comparison, finding the solution using the non-linear ansa¨tze is fairly straightforward.
This is a testimony to the power of the uplift ansa¨tze, which are non-linear. From the perspective
of the SU(8) invariant reformulation, it is clear that the ansa¨tze should lead to internal metric and
3-form potential components that satisfy the D = 11 supergravity equations of motion. This is
because they have been derived by the use of supersymmetry transformations which are first order
equations, rather than second order as in the case of the field equations. Moreover, the highly non-
linear problem of relating the scalars of the D = 4 maximal gauged supergravity to the components
of the internal metric and 3-form has been linearised by packaging the components of the D = 11
fields in the generalised vielbeine. The relation between the scalars of the D = 4 theory and the
generalised vielbeine is a linear one. Both of the simplifications alluded to above mean that while the
derivation of the solution is relatively simple, its verification in the context of the original formulation
of D = 11 supergravity [11] becomes non-trivial.
8Note that under this interchange we also have
Fm → −Fm, Fmn → −Fmn.
We refer the reader to the first equation in table 3 for the antisymmetry of the last term in equation (2.22).
21
In order to verify the Einstein and Maxwell equations (1.7)–(1.9), we make use of the computer
algebraic manipulation program FORM [37] to simplify the expressions for the Ricci tensor and the
4-form field strength.
6.1 Components of the Ricci tensor
We begin by computing the components of the eleven-dimensional Ricci tensors Rµ
ν and Rm
n that
appear in the equations of motion, (1.7) and (1.8), and whose indices are raised with the full metric,
gMN . Denoting
gµν(x, y) = ∆(y)˚gµν(x), gµν(x, y) = ∆
−1(y)˚gµν(x), (6.1)
the Christoffel symbols with mixed index components are
Γρmn = Γ
p
mν = 0, (6.2)
Γpµν = −
1
2
gpq∂qgµν =
1
2
(
∆−1D˚q∆
)
gpqgµν , (6.3)
Γρµn =
1
2
gρσ∂ngµσ = −1
2
(
∆−1D˚n∆
)
δρµ. (6.4)
Moreover, for convenience, we define
Γˆpmn = Γ
p
mn − Γ˚pmn =
1
2
gpq
(
D˚mgnq + D˚ngmq − D˚qgmn
)
. (6.5)
The relevant components of the eleven-dimensional Riemann tensor are
Rµνρσ =− ∂ρΓµσν + ∂σΓµρν − ΓµρMΓMσν + ΓµσNΓNρν = R˚µνρσ − ΓµρmΓmσν + ΓµσnΓnρν
=R˚µνρσ +
1
2
(∆−1D˚p∆)(∆−1D˚q∆)gpqδ
µ
[ρgσ]ν , (6.6)
Rµmνn =− ∂νΓµnm + ∂nΓµνm − ΓµνpΓpnm + ΓµnρΓρνm
=− 1
2
D˚n(∆
−1D˚m∆)δµν +
1
2
Γˆpmn(∆
−1D˚p∆)δµν +
1
4
(∆−1D˚n∆)(∆−1D˚m∆)δµν , (6.7)
Rmµnν =g
mpgµρR
ρ
pνn, (6.8)
Rmnpq =R˚
m
npq − D˚pΓˆmqn + D˚qΓˆmpn − ΓˆmprΓˆrqn + ΓˆmqrΓˆrpn, (6.9)
where R˚µνρσ and R˚
m
npq denote the Riemann tensors of the background AdS4 and round seven-
sphere, respectively. The associated Ricci tensors in our conventions are given in (1.10).
It is now straightforward to obtain the expressions for the relevant components of the Ricci
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tensor,
Rµν = R
ρ
µρν +R
p
µpν
= 3∆m24gµν + gµνg
mn
(
(∆−1D˚m∆)(∆−1D˚n∆)− 1
2
D˚n(∆
−1D˚m∆) +
1
2
Γˆpmn(∆
−1D˚p∆)
)
,
(6.10)
Rmn = R
p
mpn +R
ρ
mρn
= −6m27g˚mn − D˚pΓˆpnm + D˚nΓˆppm − ΓˆpprΓˆrnm + ΓˆpnrΓˆrpm
+ (∆−1D˚m∆)(∆−1D˚n∆)− 2D˚n(∆−1D˚m∆) + 2Γˆpmn(∆−1D˚p∆). (6.11)
In fact, it is more convenient for us to directly calculate ∆−1Rµν = ∆−1Rµρgρν and ∆−1Rmn =
Rmp(∆
−1gpn). Using the expression for the internal metric given in equation (2.20) and the expres-
sion for the determinant (2.23) as well as equations (3.3) and the SO(7) identities in section 3.2,
∆−1Rµν = 3m24δ
ν
µ +
m27∆
6
972
(
91X 4 − 140X 3Z − 718X 2Z2 − 140XZ3 + 91Z4
+ 24
√
5(X + Z)(19X 2 − 50XZ + 19Z2) + 1260(5X 2 + 2XZ + 5Z2)
)
δνµ, (6.12)
∆−1Rmn =
m27∆
6
1296
(
A0(X ,Z)δnm +A1(X ,Z)ξmn +A1(Z,X )ζmn +A2(X ,Z)Fmn
+A3(X ,Z)ξmξn +A3(Z,X )ζmζn +A4(X ,Z)FmFn +A5(X ,Z)ξmζn +A5(Z,X )ζmξn
+A6(X ,Z)ξmFn −A6(Z,X )ζmFn +A7(X ,Z)Fmξn −A7(Z,X )Fmζn
)
. (6.13)
Recall that in our conventions, the index n on the left hand side is raised with the inverse metric
gmn, while on the right hand side we use the inverse metric on the round S7,
◦
gmn. The coefficient
functions in the above equation are as follows:
A0(X ,Z) = 2
√
5
3
(X + Z) (17X 4 − 80X 3Z − 66X 2Z2 − 80XZ3 + 17Z4)
+
40
3
(
13X 4 − 134X 3Z − 214X 2Z2 − 134XZ3 + 13Z4)
+ 40
√
5(X + Z) (17X 2 − 58XZ + 17Z2)− 840(5X 2 + 2XZ + 5Z2),
A1(X ,Z) = −10080
√
5(X 2 −Z2)− 96 (41X 3 − 45X 2Z − 9XZ2 − 35Z3)
− 8
√
5(X + Z)(17X 3 − 55X 2Z − 33XZ2 − 25Z3),
A2(X ,Z) = 10080(X 2 −Z2) + 96
√
5(X − Z) (7X 2 + 10XZ + 7Z2)+ 200(X − Z)(X + Z)3,
A3(X ,Z) = 672
√
5(5X + 13Z) + 32(45X 2 − 160XZ + 79Z2)
+
8
√
5
3
(
17X 3 + 43X 2Z − 149XZ2 + 17Z3) ,
23
A4(X ,Z) = −2016(X 2 + 10XZ + Z2)− 96
√
5(X + Z)(X 2 − 50XZ + Z2),
A5(X ,Z) = −672
√
5(13X + 5Z)− 64(50X 2 − 33XZ − 5Z2)
− 8
√
5
3
(
81X 3 − 61X 2Z + 75XZ2 + 25Z3) ,
A6(X ,Z) = 336
√
5(X 2 + 10XZ +Z2) + 16 (5X 3 − 188X 2Z − 175XZ2 − 38Z3) ,
A7(X ,Z) = −4032(5X + 13Z) − 48
√
5(35X 2 − 118XZ + 47Z2)
− 16 (25X 3 + 116X 2Z − 75XZ2 + 66Z3) .
Note that, like the metric, both Rµ
ν and Rm
n are symmetric under the interchange of tensors
defined using Y ±IJKL and Z
±
IJKL, definitions (2.17).
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6.2 4-form field strength
In this section, we calculate the 4-form field strength
Fmnpq = 4!D˚[mAnpq] (6.14)
of the 3-form potential given in equation (2.22). Using the equations for the derivatives of the SO(7)
tensors (3.3)
Fmnpq =
2
√
2m7∆
6
81
[
B1(X ,Z)ξ[mSnpq] −B1(Z,X )ζ[mTnpq] +B2(X ,Z)ζ[mSnpq]
−B2(Z,X )ξ[mTnpq] +B3(X ,Z)η˚mnpqrstSrst −B3(Z,X )η˚mnpqrstT rst
+ η˚mnpqrstS
rsuξu
(
B4(X ,Z)ξt +B4(Z,X )ζt +B5(X ,Z)F t
) ]
, (6.15)
where we have simplified some expressions using the SO(7) identities in section 3.2 and
B1(X ,Z) = 3(X 2 + 10XZ + 49Z2)−
√
5(X 2 −Z2)(X + 11Z),
B2(X ,Z) = 3(5X 2 + 2XZ + 5Z2) +
√
5(X 3 − 3X 2Z − 21XZ2 −Z3),
B3(X ,Z) = −1
8
(X + 2Z)(X 2 − 2XZ + 5Z2) +
√
5
48
(X 2 + Z2)(X 2 + 10XZ + Z2),
B4(X ,Z) = −5
√
5
2
(X 2 −Z2),
B5(X ,Z) = 15(X 2 −Z2).
Raising the indices on Fmnpq using the inverse metric g
mn poses the greatest challenge from a
computational point of view. Therefore, we choose to calculate it using the following method
∆−1Fmnpq = 4!∆3(∆−1gr[m)(∆−1gn|s|)
[
∆−1gp|t|D˚r
(
∆−1Aq]st
)
− D˚r
(
∆−1gp|t|
)
∆−1Aq]st
]
. (6.16)
9See footnote 8.
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Substituting the expression for the inverse metric, equation (5.6) and flux, equation (5.16) at the
stationary point values and with α = −π/4, and simplifying the resulting expression using equations
(3.3) and the SO(7) identities in section 3.2 gives
∆−1Fmnpq =
√
2m7∆
3
36
[
C1(X ,Z)ξ[mSnpq] − C1(Z,X )ζ [mT npq] + C2(X ,Z)ζ [mSnpq]
− C2(Z,X )ξ[mT npq] + C3(X ,Z)η˚mnpqrstSrst − C3(Z,X )η˚mnpqrstTrst
+ η˚mnpqrstSrsuξ
u (C4(X ,Z)ξt + C4(Z,X )ζt + C5(X ,Z)Ft)
]
, (6.17)
where
C1(X ,Z) = 224
3
Z2 − 8
9
(3 +
√
5Z) (X 2 + 10XZ + Z2) ,
C2(X ,Z) = −224
3
XZ + 8
9
(15 +
√
5X ) (X 2 + 10XZ +Z2) ,
C3(X ,Z) = −14(X + 5Z)−
√
5
3
(
3X 2 + 16XZ + 17Z2)− 2
9
X (X 2 + 10XZ + Z2) ,
C4(X ,Z) = −56
3
X + 2
√
5
9
(X 2 + 10XZ + Z2) ,
C5(X ,Z) = 0.
The field strength of A, Fmnpq, and F
mnpq also share the antisymmetry property of Amnp under
the interchange of tensors defined from Y ±IJKL and Z
±.
This allows us to derive an expression for
∆−1FmpqrFnpqr
= −6∆−1Rmn + 4m
2
7∆
6
81
(
14X 4 + 35X 3Z + 178X 2Z2 + 35XZ3 + 14Z4
+ 3
√
5(X + Z)(19X 2 − 50XZ + 19Z2) + 63
4
(29X 2 − 190XZ + 29Z2)
)
δnm, (6.18)
where we have used the expressions for Fmnpq and F
mnpq, equations (6.15) and (6.17), respectively,
as well as equation (6.13) and the SO(7) identities in section 3.2.
Finally, contracting the indices in the equation above and using the expression for Rm
n in
equation (6.13) as well the SO(7) identities gives
∆−1FmnpqFmnpq =
16m27∆
6
27
(
14X 4 + 35X 3Z + 178X 2Z2 + 35XZ3 + 14Z4
+ 3
√
5(X + Z)(19X 2 − 50XZ + 19Z2)− 189(3X −Z)(3Z − X )). (6.19)
6.3 The Einstein and Maxwell equations
Using equations (6.12), (6.13), (6.18), (6.19) and (2.23), it is now straightforward to show that the
Einstein equations (1.7) and (1.8) are satisfied for the values of m4 and fFR given in (2.25). Finally,
using the equations for the derivatives of the SO(7) tensors (3.3) to differentiate (6.17) as well as
the SO(7) identities in section 3.2, we find that the Maxwell equation (1.9) is also satisfied.
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7 Solution in ambient coordinates
The solution presented in the previous sections is given in terms of quantities defined on the round
seven-sphere. In particular, the metric, gmn, in (2.20) is written as a deformation of the metric,
◦
gmn, on the round seven-sphere. Furthermore, the tensors (2.17) are defined in terms of the Killing
spinors on S7. While this is necessary for obtaining the solution via the uplift ansa¨tze (2.3) and
(2.4) for the metric and flux, it is perhaps not the most natural form in which to express the solution
given its isometry. In this section, we present the solution in a form in which the action of the
SO(3)×SO(3) is more manifest.
7.1 Ambient coordinates
To find the relation between the coordinates on the round seven-sphere and coordinates that we will
use in this section, we introduce coordinates xA on R8, where A = 1, . . . , 8. Then the seven-sphere
is defined by
m27 x · x = 1, (7.1)
where in this section we use the notation x · x ≡ xAxA. It is straightforward to see that the above
relation is solved by
m7 x
m =
2ym
1 + |y|2 , m7 x
8 =
1− |y|2
1 + |y|2 , (7.2)
which define stereographic coordinates ym on the round seven-sphere of inverse radius m7 (with
|y|2 ≡ ymym). The relations in the previous section can be viewed as being written in precisely such
a coordinate system. Hence, in the previous sections the line element on the round S7 is given by
ds2 =
◦
gmn dy
mdyn. (7.3)
In fact, the induced metric on the seven-sphere can easily be calculated by substituting equations
(7.2) into the flat line element on R8, whereupon we find that
◦
gmn =
4
m27(1 + |y|2)2
δmn. (7.4)
A convenient choice for the siebenbein is
◦
ea = − 2
m7(1 + |y|2)dy
a. (7.5)
Instead of viewing the action of SO(3)×SO(3) in stereographic coordinates, we can now view its
action as an action of SO(3)×SO(3) ≃ SO(4) on two four-dimensional subspaces of R8 in ambient
coordinates xA. More precisely, we can view R8 as the direct sum R4⊕R4 and decompose x = (u, v),
where u, v ∈ R4 such that SO(4) acts separately on u and v. 10
10No confusion should arise between these and the u and v matrices that parametrise the scalars in the gauged
theory, described in section 4.
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The SO(3)×SO(3) invariant tensors in the previous section, written in terms of Killing spinors
on the round S7, can be expressed in ambient coordinates as follows. In terms of Killing spinors,
the 1-form duals of Killing vectors on S7 are [3]
KIJ = KIJa
◦
ea. (7.6)
However, since the Killing vectors, KIJa , generate SO(8) in 28, they are related by triality to gener-
ators of SO(8) in the vector representation. Or, equivalently, in terms of their 1-form duals
KIJ = −m7
2
ΓIJABKAB , KAB = −
1
8m7
ΓABIJ K
IJ , (7.7)
where
KAB = 2x[AdxB]. (7.8)
Furthermore,
KIJ(2) ≡
1
2
KIJab
◦
ea ∧ ◦eb = 1
2
ΓIJAB dKAB . (7.9)
Now we can use these relations to determine the SO(3)×SO(3) invariant tensors in ambient coordi-
nates. We start with the scalar invariant ξ defined in (2.17), and substitute for KIJm using relation
(7.7)
ξ =
m27
16
Y +IJKLΓ
IJKL
AB x
AxB = 3m27 Γ
1234
AB x
AxB . (7.10)
Note that since the exterior derivative in KAB , definition (7.8), is with respect to stereographic
coordinates, we also use relations (7.2) in deriving the above result. Similarly,
ζ = 3m27 Γ
1235
AB x
AxB . (7.11)
Naively, there are three scalar invariants that can be formed from u and v. However, note that from
equation (7.1)
u · u+ v · v = 1. (7.12)
Therefore, we only have two scalar invariants
u · u− v · v, u · v
and without loss of generality we can pick an embedding of the R4 in R8 where
ξ = −3(u · u− v · v), ζ = −6u · v. (7.13)
For an explicit embedding where the above relations hold see appendix E. Note that any other
embedding will correspond to a rotation between u and v, which in the present representation, see
appendix E, is given by Γ45AB, viz.
Γ45 : u 7→ v, v 7→ −u. (7.14)
This freedom is represented by the parameter α in section 5, which is related to the rotation angle
between u and v. In the four-dimensional theory, this corresponds to a redundancy in the description
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of the SO(3)×SO(3) invariant stationary point and not an invariance. As was shown in section 5.3,
this is reflected in the fact that the uplift of all these points correspond to the same solution up to
coordinate transformations.
Given the expressions for ξ and ζ in ambient coordinates, it is now straightforward to find the
tensors ξa and ζa in ambient coordinates by differentiating expressions (7.13) and using equations
in (3.3):
m7 ξa
◦
ea = −3 (u · du− v · dv), m7 ζa ◦ea = −3 (v · du+ u · dv). (7.15)
The remaining invariant 1-form Fa, (2.18), is found using equations (7.7), (7.8) and the third equation
in (E.6),
m7Fa
◦
ea = v · du− u · dv. (7.16)
We may again differentiate the tensors ξa and ζa to obtain expressions for the symmetric tensors
ξab and ζab, respectively, in ambient coordinates. However, we will instead find these expressions by
other means, which will be applicable also to the derivation of the tensors Sabc and Tabc.
Using equation (7.7), we rewrite
ξab
◦
ea
◦
eb = −m
2
7
64
Y +IJKLΓ
IJ
AB Γ
KL
CD KAB KCD. (7.17)
Note that the indices on Y + fully antisymmetrise the indices on the Γ-matrices. Hence we can make
use of the following identity [30]:
Γ
[IJ
AB Γ
KL]
CD =
1
2
(
ΓIJ[AB Γ
KL
CD] −
1
24
ǫABCDEFGH Γ
IJ
EF Γ
KL
GH
)
+
2
3
δ[C|[B Γ
IJKL
A]|D] , (7.18)
which is a consequence of SO(8) triality and is a decomposition of the object on the left hand side
into its anti-selfdual (first term) and selfdual part (second term). Moreover, noting that in the
expression for ξab the combination of Γ-matrices contracts with a selfdual tensor, Y
+
IJKL, we obtain
ξab
◦
ea
◦
eb =
m27
2
Γ1234AB KAC KCB . (7.19)
Finally using (7.8) and the first equation in (E.6), we find that
m27 ξab
◦
ea
◦
eb = (v · v) dv · dv − (u · u) du · du, (7.20)
where we have also used
u · du+ v · dv = 0, (7.21)
which follows from (7.12). Similarly, we also find
m27 ζab
◦
ea
◦
eb = −
[
u · v (du · du+ dv · dv) + du · dv
]
. (7.22)
We determine Sabc and Tabc in an analogous way. For example,
S(3) ≡
1
6
Sabc
◦
ea
◦
eb
◦
ec = −m7
192
Y −IJKL Γ
IJ
AB Γ
KL
CD KAB(2) ∧ KCD. (7.23)
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Hence, we can again use identity (7.18), but in this case the anti-selfdual part of the decomposition
given in equation (7.18) survives and we obtain
S(3) = −
m7
4
Γ12AB Γ
35
CD x
[AdxB ∧ dxC ∧ dxD], (7.24)
which can be evaluated using the Γ-matrices and the embedding given in appendix E. All in all, we
obtain
m37 S(3) = −
1
12
[
ǫ(u, dv, dv, dv) + ǫ(v, du, du, du) + 3ǫ(u, du, du, dv) + 3ǫ(v, du, dv, dv)
]
, (7.25)
m37 T(3) = −
1
6
[
ǫ(u, du, du, du) − ǫ(v, dv, dv, dv)
]
, (7.26)
where we have introduced the convenient notation
ǫ(u, du, du, dv) ≡ ǫijkl ui duj ∧ duk ∧ dvl. (7.27)
It is clear that there are two more invariant 3-forms,
ǫ(u, du, dv, dv), ǫ(v, du, du, dv), (7.28)
that do not appear in the expression for S(3) or T(3). However, these invariant 3-forms as well as the
3-forms in S(3) and T(3) do appear in the expression for the internal 3-form potential given below.
7.2 The solution
In terms of the ambient coordinates introduced above, the solution (2.20)-(2.22) reads:11
ds27 =
∆2
6m27
[
+ c(6c − s(ζ + ξ)) (du · du+ dv · dv) + s(sξ − 3c) (du · du− dv · dv)
+ 2s(sζ − 3c) du · dv + 1
6
s2 f2
]
,
(7.29)
and
A(3) =
√
2
144
∆3
m37
[
+ s
(
12c3 − c2s(2ζ + 2ξ + 3)− cs2(ζ − 2ξ + 3) + ζs3) ǫ(u, du, du, du)
− s (12c3 + c2s(−2ζ − 2ξ + 3) + cs2(ζ − 2ξ − 3) + ζs3) ǫ(v, dv, dv, dv)
− 3s(c+ s) (6c2 − cs(ζ + ξ + 3) + ξs2) ǫ(u, du, du, dv)
− 3s(c− s) (6c2 − cs(ζ + ξ − 3)− ξs2) ǫ(v, du, dv, dv)
− s(c− s) (6c2 − cs(ζ + ξ + 3) + ξs2) ǫ(v, du, du, du)
+ s(c+ s)
(−6c2 + cs(ζ + ξ − 3) + ξs2) ǫ(u, dv, dv, dv)
− 3s2(c+ s)(ζs− 3c)ǫ(u, du, dv, dv)
+ 3s2(c− s)(3c− ζs)ǫ(v, du, du, dv)
]
,
(7.30)
11K.P. would like to thank N. Bobev, A. Kundu and N. Warner for a collaboration which independently led to the
metric in the ambient form presented here [38].
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where
ds27 = gab
◦
ea
◦
eb , A(3) =
1
6
Aabc
◦
ea ∧ ◦eb ∧ ◦ec , (7.31)
m7 f ≡ m7 fa ◦ea = 3c(u · du− v · du− u · dv − v · dv) + 3s(v · du− u · dv) (7.32)
and with c and s set to their stationary values (4.12).
7.3 Local coordinates
We conclude this section with a construction of local coordinates on S7 using the Euler angles of the
SO(3)× SO(3) isometry group and the two scalar invariants, ξ and ζ. To this end let us consider S7
as a subspace of 2× 2 complex matrices
Z =
(
z3 − iz2 z1 + iz4
−z1 + iz4 z3 + iz2
)
, zj = uj + ivj , (7.33)
satisfying
1
2
TrZZ† = u · u+ v · v = 1 (7.34)
and
det Z = −1
3
(ξ + iζ) . (7.35)
Then the SO(4) action on C4 is the same as the action of SU(2)1 × SU(2)2 on such matrices given
by
Z −→ R1Z R†2 , (7.36)
under which both (7.34) and (7.35) remain invariant.
We use the Euler angles for the two SU(2)s defined by
Rj(θj , φj , ψj) =
(
e
i
2
(φj+ψj) cos
θj
2 −e
i
2
(φj−ψj) sin θj2
e−
i
2
(φj−ψj) sin θj2 e
− i
2
(φj+ψj) cos
θj
2
)
, j = 1, 2 . (7.37)
By an SU(2)1 × SU(2)2 transformation, one can bring Z to a diagonal form,
Zd(ρ, ϕ) =
√
2 e
i
2
(ϕ+π)
(
cos ρ2 0
0 sin ρ2
)
, 0 ≤ ρ ≤ π
2
, 0 ≤ ϕ ≤ 2π , (7.38)
where (ρ, ϕ) parametrise a disk of radius π/2. Using (7.35), we find
ξ = 3 sin ρ cosϕ , ζ = 3 sin ρ sinϕ (7.39)
so that have |ξ|, |ζ| ≤ 3, which is consistent with identities (i) in table 1 [5].
At a generic point, we have
Z = R1(θ1, φ1, ψ1)Zd(ρ, ϕ)R2(θ2, φ2, ψ2)† . (7.40)
Clearly, Z is invariant under ψi → ψi + χ, which shows that a typical orbit is isomorphic with the
coset
SU(2)1 × SU(2)2
U(1)
, (7.41)
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where U(1) is the diagonal subgroup.12 The local coordinate system on S7 is now comprised of the
angles ρ and φ that parametrise a disk and the Euler angles θ1, φ1, θ2, φ2 and ψ = ψ1 − ψ2 on the
coset. The range of these angles are
0 ≤ ρ ≤ π
2
, 0 ≤ θ2 , ψ ≤ π , 0 ≤ ϕ , φ1, φ2, θ1 ≤ 2π . (7.42)
Let us also introduce the left invariant forms on SU(2)1 × SU(2)2,
σ1(j) = sinψj dθj − cosψj sin θj dφj ,
σ2(j) = − cosψj dθj − sinψj sin θj dφj ,
σ3(j) = dψj + cos θj dφj ,
(7.43)
satisfying dσ1(j) = σ
2
(j) ∧ σ3(j), etc., and define
σ±(j) = σ
1
(j) ± iσ2(j) . (7.44)
These forms are then pulled-back onto the coset by setting ψ1 = −ψ2 = ψ/2, such that
σ1(1) , σ
2
(1) , σ
1
(2) , σ
2
(2) , σ
3 ≡ σ3(1) − σ3(2) , (7.45)
yield a local frame, σa, a = 1, . . . , 5, along the orbits of the SO(4) isometry.
The round metric on S7 in these coordinates reads
d˚s27 =
1
4m27
[
dρ2 + sin2 ρ dϕ2 +
(
σ+
(1)
σ−
(1)
+ σ+
(2)
σ−
(2)
)− sin ρ (σ+
(1)
σ−
(2)
+ σ+
(2)
σ−
(1)
)
+
(
cos ρ dϕ − σ3)2 ] .
(7.46)
The geometric objects (3.1) are the scalars given by (7.39), the vectors:
m7(cosϕξa + sinϕζa)
◦
ea =
3
2
cos ρ dρ ,
m7(cosϕζa − sinϕξa) ◦ea = 3
2
sin ρ dϕ ,
(7.47)
the symmetric tensors:
m7(cosϕξab + sinϕζab)
◦
ea
◦
eb = − 1
4
sin ρ
(
cos ρ dϕ − σ3)σ3 + 1
4
sin ρ
(
σ+(1)σ
−
(1) + σ
+
(2)σ
−
(2)
)
+
1
16
(cos(2ρ) − 3)(σ+
(1)
σ−
(2)
+ σ+
(2)
σ−
(1)
)
,
m7(cosϕζab − sinϕξab) ◦ea ◦eb = 1
4
dρ (cos ρ dϕ− σ3) + i
8
cos ρ
(
σ+(1)σ
−
(2) − σ+(2)σ−(1)
)
,
(7.48)
12Note that at the center of the disk ξ = ζ = 0 and we simply reproduce the explicit construction of T 1,1 in [39].
31
and the 3-forms:
m37
(
cosϕSabc − sinϕTabc
)
◦
ea ∧ ◦eb ∧ ◦ec = 3
16
×{
− i dρ ∧
[(
σ+(1) ∧ σ−(1) + σ+(2) ∧ σ−(1)
)− sin ρ (σ+(1) ∧ σ−(2) + σ+(2) ∧ σ−(1))]
+ cos ρ (cos ρ dϕ− σ3) ∧ (σ+(1) ∧ σ−(2) − σ+(2) ∧ σ−(1))}
m37
(
cosϕTabc + sinϕSabc
)
◦
ea ∧ ◦eb ∧ ◦ec = 3i
16
×{
(cos ρ dϕ− σ3) ∧
[(
σ+(1) ∧ σ−(2) + σ+(2) ∧ σ−(1)
)− sin ρ (σ+(1) ∧ σ−(1) + σ+(2) ∧ σ−(1))]
+ sin ρ σ3 ∧
[(
σ+(1) ∧ σ−(1) + σ+(2) ∧ σ−(1)
)− sin ρ (σ+(1) ∧ σ−(2) + σ+(2) ∧ σ−(1))]} .
(7.49)
We also have that
m7 Fa
◦
ea = −1
2
(
dϕ− cos ρ σ3) ,
m27 Fab
◦
ea ∧ ◦eb = −1
2
sin ρ dρ ∧ σ3 − i
4
cos ρ
(
σ+(1) ∧ σ−(1) − σ+(2) ∧ σ−(2)
)
.
(7.50)
Rotations by the angle ϕ to obtain the actual SO(7) tensors (3.1) result in even larger expressions.
As expected, the explicit formulae for the metric (2.20) and the 3-form potential (2.22) in these local
coordinates are quite complicated and we will not write them here. One can easily obtain them
using the expressions for the SO(7) tensors given above.
8 Outlook
In this paper, we have constructed a new and highly non-trivial solution of D = 11 supergravity
corresponding to an uplifting of the SO(3)×SO(3) invariant stationary point of maximal gauged
supergravity. While this solution is of interest in holographic applications and we hope that readers
will find good use for it, we have endeavored to present the derivation of the solution in such a manner
as to lend itself to a more general explanation of uplifting solutions of this type, i.e. Freund-Rubin
compactifications with internal flux. The uplifting of any stationary point of the gauged theory
to eleven dimensions will follow the same steps as those presented for the SO(3)×SO(3) invariant
stationary point here, except that, clearly, for stationary points with less symmetry, this will be a
more cumbersome process with many different invariant forms to consider.
Apart from allowing for a direct derivation of uplift formulae, the rewriting of the eleven-
dimensional theory in an SU(8) invariant reformulation [9], highlights features of the four-dimensional
theory in eleven dimensions and makes it possible to prove [26, 27], for example, the consistency of
the S7 reduction [8, 23].
In recent work [28, 40], the ideas initiated in Ref. [9] are taken to their full conclusion giving an
on-shell equivalent reformulation of the D = 11 theory in which features of the global group E7(7)
are also made manifest. As well as breaking manifest eleven-dimensional Lorentz invariance and
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covariance, one is also compelled to introduce eleven-dimensional dual fields in order to bring out
the E7(7) structure.
The reformulation of D = 11 supergravity given in Ref. [28] provides a very direct and efficient
way of studying the relation between four-dimensional maximal gauged theories and D = 11 super-
gravity via a higher-dimensional understanding [28] of the embedding tensor [41–44]. In particular,
it allows for a simple analysis of which four-dimensional theories arise as consistent reductions of
the eleven-dimensional theory (see e.g. [45]). For example, it is very simple to deduce [29] that the
new deformed SO(8) gauged theories of Ref. [46, 47] cannot be obtained from a consistent reduction
of the D = 11 theory.
In fact, given the success of the reformulations described above, we argue that, generally, the
most appropriate setting in which to address questions to do with reductions and consistency is
one in which the higher-dimensional theory is reformulated in such a manner as to fully resemble a
duality covariant reformulation of the lower-dimensional theory, including both the global and local
duality groups.
Of particular relevance here is that in the case of the S7 reduction to the original maximal SO(8)
gauged theory [36], Ref. [28] completes the metric and flux ansa¨tze and provides full uplift ansa¨tze
for any solution of the gauged theory to eleven dimensions, including dynamical solutions with non-
trivial x-dependence [29]. The method can, however, be applied more generally. For example, one
can in principle setup a reformulation along the lines of [9, 28] for type IIB supergravity and thereby
study its S5 truncation—for a recent conjecture on uplift ansa¨tze in this case see Ref. [48].
An interesting application of these full uplift ansa¨tze [28, 29] would be to construct the full
interpolating solution for a particular RG flow between two stationary points of the potential, such
as the flow between the maximally symmetric SO(8) and the SO(3)×SO(3) invariant stationary
points considered in Ref. [12].
Acknowledgements: We are grateful to Nikolay Bobev, Arnab Kundu, Chris Pope, Harvey Reall
and Nick Warner for discussions. M.G., H.G. and K.P. would like to thank the Max-Planck-Institut
fu¨r Gravitationsphysik (AEI) and in particular H.N. for hospitality. H.G. and M.G. are supported
by King’s College, Cambridge. H.G. acknowledges funding from the European Research Council
under the European Community’s Seventh Framework Programme (FP7/2007-2013) / ERC grant
agreement no. [247252]. K.P. was supported in part by DOE grant DE-SC0011687.
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A Conventions
We define a set of euclidean, antisymmetric and purely imaginary 8× 8 Γ-matrices (Γ† = Γ). These
are generators of the euclidean Clifford algebra in seven dimensions,
{Γa,Γb} = 2δabI8×8. (A.1)
We choose a Majorana representation and set the charge conjugation matrix that defines spinor
conjugates or raises and lowers spinor indices to be the unit matrix. An explicit representation for
the Γ-matrices is given in appendix E.
The Γ-matrices can be used to define the 8× 8 matrices
Γa1...ai = Γ[a1 . . .Γai] (A.2)
for i = 2, . . . 7. Γa and Γab are antisymmetric matrices and Γabc is symmetric. These 7+21+35 = 63
matrices together with the unit matrix span the vector space of 8× 8 matrices. Thus, we find that
Γa1...a7 = −iηa1...a7 , (A.3)
Γa1...a6 = −iηa1...a6bΓb, (A.4)
Γa1...a5 =
i
2
ηa1...a5bcΓbc, (A.5)
Γa1...a4 =
i
3!
ηa1...a4bcdΓbcd. (A.6)
Furthermore, it is useful to note that each product of Γ-matrices can be written in terms of the unit
matrix, Γa, Γab and Γabc.
We choose the eight Killing spinors of the round S7 to be orthonormal,
η¯IηJ = δIJ , ηI η¯I = I8×8, (A.7)
where η¯I = (ηI)†.
The curved Γ-matrices on the round seven-sphere are given by Γ˚m = e˚m
aΓa. Hence, in our
conventions, the Killing spinors satisfy
iD˚mη
I =
m7
2
Γ˚mη
I . (A.8)
The Killing spinors define a set of Killing vectors, 2-forms and tensors:
KIJm = iη¯
I Γ˚mη
J , KIJmn = η¯
I Γ˚mnη
J , KIJmnp = iη¯
I Γ˚mnpη
J , (A.9)
respectively, whose equivalents are also defined in flat space. Using equation (A.8), the reader may
check that KIJmn is proportional to the derivative of K
IJ
m ,
D˚nK
IJ
m = m7K
IJ
mn, D˚pK
IJ
mn = 2m7g˚p[mK
IJ
n] . (A.10)
Note that curved seven-dimensional indices of the Killing vectors and their derivatives are raised
and lowered with the round seven-sphere metric g˚mn.
As all Γ-matrices are traceless, we find that
η¯I Γ˚m1...miη
I = 0 (A.11)
for i = 1, . . . , 6.
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B Derivation of SO(7) tensor identities
In this appendix, we sketch the derivation of the SO(7) identities, listed in tables 1-7, for the
SO(3)×SO(3) invariant tensors (3.1) .
In the derivations below, we make heavy use of the completeness relation
16 δKLIJ = 2K
IJ
m K
mKL +KIJmnK
mnKL , (B.1)
as well as the following useful identities [9]:
1
16
Y +IJKLK
IJ
mnK
KL
p = −
1
3
◦
gp[mξn],
1
16
Y +IJKLK
IJ
mnK
pqKL = −4 δ[p[mξn]q] +
2
3
ξδpqmn, (B.2)
1
16
Z+IJKLK
IJ
mnK
KL
p = −
1
3
◦
gp[mζn],
1
16
Z+IJKLK
IJ
mnK
pqKL = −4 δ[p[mζn]q] +
2
3
ζδpqmn, (B.3)
1
16
Y −IJKLK
IJ
mnK
KL
pq = −
1
6
◦
ηmnpqrstS
rst,
1
16
Z−IJKLK
IJ
mnK
KL
pq = −
1
6
◦
ηmnpqrstT
rst. (B.4)
One can verify these using the inversion formulae (3.2).
B.1 Derivation of the identities in table 1
Identities (i) and (ii) Consider the first equation in (3.4) contracted with KIJt K
tKL:
KIJt Y
+
IJMN(2K
MN
m K
mPQ +KMNmn K
mnPQ)Y +PQKLK
tKL = KIJt Z
−
IJMNK
MN
mn K
mnPQZ−PQKLK
tKL,
(B.5)
where we have used the completeness relation (B.1) and the fact that KIJm K
KL
n Z
−
IJKL = 0 by virtue
of the fact that K
[IJ
m K
KL]
n is selfdual, while Z
−
IJKL is anti-selfdual. Now, substituting for the SO(7)
tensors using the definitions (2.17) and equation (B.2) gives
2ξmnξmn +
1
9
◦
gt[mξn]
◦
g t[mξn] = TmnpTmnp, (B.6)
which simplifies to
ξmξm + 6ξ
mnξmn = 3T
mnpTmnp. (B.7)
Repeating the above steps, except now contracting the first equation in (3.4) with KIJtu K
tuKL gives
− 4ξ2 + ξmξm + 30ξmnξmn = 9TmnpTmnp (B.8)
Finally, by contracting the first cubic identity (3.7) with KIJtu K
uKL and simplifying as before, except
that the completeness relation (B.1) must be used twice, gives(
36 + 2ξ2 − ξmξm − 18ξmnξmn
)
ξt = 0. (B.9)
There are seemingly two cases to consider: first we consider the case in which the expression in
the brackets vanishes. Together, with equations (B.7) and (B.8), we obtain the equations for ξmξm,
ξmnξmn and T
mnpTmnp in terms of ξ
2, as they appear in equations in (i) and (ii) in table 1. The
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equations derived from considering the second case, ξm ≡ 0, are already contained in equations (i)
and (ii). However, in our case, ξm 6≡ 0 anyway.
Note that we had to use a cubic identity, (3.7), to derive a quadratic identity. This seems strange
and one may wonder whether that was necessary or whether the identity could have been derived
from quadratic identities. However, a simple counting of the number of quadratic identities available
gives two, whereas the number of unknown quantities that we have expressed in terms of ξ2 is three.
Note, however, that (3.7) is not used anymore in deriving the identities in table 1.
Interchanging Y and Z in the discussion above, or equivalently by considering the second iden-
tities in (3.4) and (3.7) gives analogous expressions for ζmζm, ζ
mnζmn and S
mnpSmnp.
Identities (iii) and (vi) This case is similar to the example above. We contract equations (3.4)
with KIJmnK
pKL. This gives identity (vi). Identity (iii) is obtained upon letting index p = n and
noting that the wedge product of an odd-form with itself vanishes, e.g.
◦
ηmnpqrstS
npqSrst = 0. (B.10)
Identities (iv) and (v) These identities are derived by contracting equations (3.4) with KIJm K
KL
n
and KIJmpKn
pKL. Identities (i)–(iii) are used to simplify the expressions.
Identities (vii) and (viii) Contract identities (3.4) with KIJmnK
KL
pq and use identities (i)–(v) to
simplify.
B.2 Derivation of the identities in table 2
Identity (i) The third identity in the line is proved by contracting the last equality in (3.12) by
δIJ . Using the appropriate inversion formulae in (3.2) and
K
[IJ
[ab K
KL]
c] K
[IJ
de K
KL]
f = 32δ
abc
def , (B.11)
we immediately find SmnpT
mnp = 0.
The first two identities are derived by contracting either equation in (3.5) with KIJm K
mKL and
KIJmnK
mnKL.
Identity (ii) Contract the last equality in (3.12) with KmIJ , whereupon we find
Z−IKLMY
−
JKLMK
mIJ = 12Fm. (B.12)
We then make use of the inversion formula for Z−IKLM , (3.2) to find
Z−IKLMK
mIJ =
1
4
SnpqK [LMnp Kq
mJ |K]. (B.13)
Substituting this expression and the inversion formula for Y −JKLM in equation (B.12), gives the
required result.
Identity (iii) These are obtained by contracting identity (3.5) with KIJmnK
nKL.
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Identities (iv) and (v) The symmetric, in indices m and n, part of these are derived by contracting
(3.5) with KmIJKnKL and Kmp IJKnp
KL. The antisymmetric part is derived by contracting (3.12)
with KmnIJ ,
Z+IKLMY
+
JKLMK
mnIJ = 12Fmn, Z−IKLMY
−
JKLMK
mnIJ = 12Fmn. (B.14)
The evaluation of the left hand side of the above equations using the inversion formulae 3.2 yields
the antisymmetric part of the identities.
Identities (vi) and (vii) These identities are derived by contracting identity (3.5) with KIJm K
KL
np .
Note that the F terms in this expression arise through the use of identities (iii), which have been
used to simplify the expression.
Identity (viii) This is obtained by contracting identity (3.5) with KIJmnK
KL
pq .
B.3 Derivation of the identities in table 3
Identity (i) These identities are proved by contracting equation (3.6) with KIJm K
KL
n .
Identity (ii)–(v) These are obtained by contracting equation (3.6) with KIJmnK
KL
p .
B.4 Derivation of the identities in table 4
Identities (i) and (ii) The required result is obtained by contracting identities (3.13) (with the −
sign choice) with KmIJ and KmnIJ .
Identities (iii) and (iv) Contract identities (3.14) (with the − sign choice) with KmnIJKpKL.
B.5 Derivation of the identities in table 5
It would, at first sight, appear that the identities in table 5 are most easily derived analogously
to the identities in table 4, sketched above, using identities (3.14) except with the + sign choice.
However, in fact they can most simply be derived by contracting identities (iii) and (iv) in table 2
with ξm, ζm, ξmn, ζmn, Fm and Fmn and using identities (i), (iii) and (iv) from table 1 and identities
(i), (iii) and (iv) from table 2 to simplify the resulting expressions. Note that the identities must be
derived in the order given in table 5 as earlier identities are used to obtain later ones.
B.6 Derivation of the identities in table 6
Identity (i) We add 4ξqrSrmn to both sides of equation (iv) in table 3,
4ζrqTmnr + 4ξ
r
qSmnr − 1
9
η˚qmnstuvζ
sT tuv = 8Ss[qmξn]s −
4
3
ξSqmn. (B.15)
Rearranging the above equation, we conclude that ζrqTmnr + ξ
r
qSmnr is fully antisymmetric in
{q,m, n}. Hence identity (i).
Identities (ii) and (iii) Fully antisymmetrise the indices in identities (iv) and (v) in table 3. This
leads to a set of simultaneous equations, which can be solved to obtain the result.
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B.7 Derivation of the identities in table 7
Identity (i) These are derived by contracting identities (ii) and (iii) of table 3 with ξp and ζp,
respectively and using identities (iii) of table 2.
Identity (ii) Contract (ii) and (iii) of table 3 with F p and use identities (i) of table 5.
Identity (iii) These are the most non-trivial identities to prove. We consider the first of the iden-
tities, and the other follows from analogous arguments, or simply interchange symmetry. However,
before embarking on the proof, we note that contracting (v) in table 3 with Fq and using identity (iii)
of table 6 leads to an equation for the sum of the two equations in (iii) and not on each separately.
Therefore, we need another method.
Contract identity (iii) in table 4 with ξp. Hence, using identity (i) of table 3,
ηmnpqrstF
pξqSrst = 18Sq[mnF p]qξp. (B.16)
In order to find an expression for Sq[mnF p]q that is amenable to contraction with ξp, we consider
ξ[mqζ
n
rS
p]qr. (B.17)
This expression can be simplified in two ways. First, we can use identity (viii) of table 2 to rewrite
ξ[m[qζ
n]
r] and the identities in tables 1 and 2 can be used to simplify expression (B.17). Another
way of simplifying the expression is to observe that, from (ii) in table 3,
ξ[mqζ
n
rS
p]qr = ξ[m|qζqrS|np]r.
Hence, we can also rewrite expression (B.17) using identity (iv) of table 2. We can now equate the
two different expressions to derive
27Sq[mnF p]q = 2ξζS
mnp + 2(9 − ζ2)Tmnp + 3ζ [mSnp]qξq − 6ζSq[mnξp]q − 6ξSqmnζpq + 12ζT q[mnζp]q.
(B.18)
The required identity can be deduced by substituting the above equation into expression (B.16) and
simplifying using the identities listed in the tables.
C Comparison of stationary points
In this appendix, we present table 8, which gives a list of the various tensors used to construct other
stationary point uplifts and the associated identities they satisfy.
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Table 8
Symmetry SO(8) tensor identities Associated SO(7) tensor identities
G2 C
±
IJMNC
±
MNKL = 12δ
IJ
KL ± 4C±IJKL
ξaξa = (21 + ξ)(3− ξ)
6ξab = (3 + ξ)δab − 1(3−ξ)ξaξb
6SabeScde = 12δ
ab
cd + ηabcdefgSefg
4S[abcSd]ef = ηabcdgh[eSf ]gh
6Se[abScd]f = ηabcdgh(eSf)gh
SU(4)−
Y −IJMNY
−
MNKL = 8δ
IJ
KL − 8F−[I[K F
−J ]
L]
F−KI F
−J
K = −δJI
Y −MIJKF
−M
L = Y
−
M [IJK
F−M
L]
= (Y −
M [IJK
F−M
L]
)−
KaKa = 1, KabKb = 0
KacKcb = KaKb − δab
TabcKc = 0
TacdTbcd = 4(δab −KaKb)
List of identities satisfied by G2 and SU(4)
− invariant tensors. We use notation where (XIJKL)−
refers to the anti-selfdual part of tensor X. The SO(7) tensors ξ, S and T are defined according to
the general definitions (2.7) and (2.8), and 4Ka = FIJK
IJ
a
, 4Kab = FIJK
IJ
ab
.
In G2, the single set of tensors C
± do not close on themselves at the quadratic level, but one
can form new tensors from the contraction of C±C∓. However, the new SO(7) tensors that can be
defined for these objects are related to ξ and S at the quadratic level, hence there is no simplification
in doing this.
D Choice of SO(3)×SO(3) invariants
The metric (5.8) and the 3-form potential (5.17) have been derived using two sets of SO(3) ×
SO(3)-invariant geometric objects on S7, namely, (ξ, ξm, ξmn, Smnp) and (ζ, ζm, ζmn, Tmnp), that
are associated with two sets of (anti-)selfdual SO(8) tensors Y ±IJKL and Z
±
IJKL, respectively. This
choice of invariants is crucial for being able to carry out the simplification of the metric and the
3-form potential in sections 5.1 and 5.2 starting with the uplift formulae (2.3) and (2.4), and also
for the explicit check of the equations of motion in section 6.
However, as we have already discussed in section 2.1, one might as well choose to work with a
single set of the geometric objects associated with the particular noncompact generator of E7(7) that
parametrises a given stationary point. In our case that means setting
ΦIJKL = cosαY
+
IJKL − sinαZ+IJKL , ΨIJKL = cosαY −IJKL + sinαZ−IJKL , (D.1)
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and expressing the solution in terms of the corresponding set of SO(7) tensors
xmn = cosα ξmn − sinα ζmn , xm = cosα ξm − sinα ζm , x = cosα ξ − sinα ζ ,
Smnp = cosαSmnp + sinαTmnp .
(D.2)
To do this one may introduce the complementary set of rotated tensors, zmn, zm, z and Tmnp, such
that
ξmn = cosα xmn + sinα zmn , ζmn = − sinα xmn + cosα zmn , etc. . (D.3)
After rewriting the solution in terms of the rotated tensors, one can check using identities in sec-
tion 3.2 that all terms involving the additional tensors either cancel out or can be rewritten in terms
of (D.2).
The calculation is long and, as one might expect, results in more complicated and less symmetric
formulae for the metric and the 3-form potential. The reason for this is that the geometric objects
that are being eliminated, zmn , . . . , Tmnp, are replaced by more complex expressions in terms of
sums of products of tensors that are kept. To illustrate this point, let us consider the warp factor,
∆, given in (5.12). At the stationary point (4.12),13
X 22 + 2c2X2Z2 + Z22 + Y = 20
[(
cos(2α) +
1
5
)
ξ2 − 2 sin(2α) ξζ −
(
cos(2α) − 1
5
)
ζ2
− 72
√
10 (cosα ξ − sinα ζ) + 540
= 24 x2 − 16 z2 − 72
√
10 x+ 540
= 40 x2 − 72
√
10 x + 16 xm xnSmpqSn
pq + 396 ,
(D.4)
where, to eliminate z2, in the last step we used the fact that
xm xnSmpqSn
pq = 9− ξ2 − ζ2 = 9− x2 − z2 , (D.5)
which follows from the identities in tables 1, 2 and 5.
One may also note that the α-dependence in the first line in (D.4) is completely removed by
rewriting the right hand side in terms of the rotated tensors using (D.3). Furthermore, the ro-
tated tensors, xmn , . . . , Smnp and zmn , . . . , Tmnp, satisfy the same identities as ξmn , . . . , Smnp and
ζmn , . . . , Tmnp, respectively, in tables 1-7. This means that the calculation is precisely the same for
all α and thus we may as well set α = 0. The problem then is simply to rewrite the metric (5.8) and
the 3-form potential (5.17) for α = 0, solely, in terms of ξmn , ξm and Smnp. With this in mind, we
now turn to the metric tensor (5.8).
It can be shown that one can write all SO(7) tensors appearing in the metric in terms of a small
number of fields constructed from ξ, ξm, ξmn and Smnp only:
(i) scalars
ξ , Ξ ≡ ξmξnSmpqSnpq , (D.6)
13Throughout this section we assume that c and s are set to their stationary point values. Otherwise, there are
additional terms proportional to z that must be dealt with separately. We have not analysed that case in detail.
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(ii) vectors
ξm , Ξm ≡ ξnSmpqSnpq , (D.7)
(iii) symmetric tensors
g˚mn , ξmξn , ξmn , ΞmΞn , (D.8)
and
Ξmn = SmpqSn
pq , Ξ˜mn = ξm
pξn
qSprsSq
rs ,
Ωmn = ξ
pξqSmprSnq
r , Ω˜mn = ξ
pqSmprSnq
r ,
Λmn = ξ
pSqr(mηn)pqrstuS
stu , Λ˜mn = ξ
(pξw)(mηn)pqrstuSw
qrSstu .
(D.9)
Using the identities, one finds that there are two relations between the symmetric tensors. One
is simple
ξ Ξmn = 6 Ω˜mn , (D.10)
while the other involves most of the tensors and is quite complicated. We choose the basis of the
symmetric tensors by eliminating ΞmΞn and Ω˜mn from the list.
Now, the metric (5.8) (with α = 0 and for general s and c) is
gmn =
∆2
36
[
g0 g˚mn + g1 ξmn + g2ξmξn + g3Ξmn + g4Ξ˜mn + g5Ωmn + g6Λmn + g7Λ˜mn
]
, (D.11)
where
g0 = − 6
√
2cξs3 − 12
√
2cξs+
1
6
s4
(
4ξ2 + Ξ + 126
)
+ 2
(
ξ2 + 27
)
s2 + 36 ,
g1 = 2s
(
18
√
2c+ ξs
(
7s2 − 6)) , g2 = − 4s4
3
,
g3 = − 1
6
s2
(
−36
√
2cξs+
(
11ξ2 + 63
)
s2 + 108
)
, g4 = − 42s4 ,
g5 = − 2s
4
3
, g6 =
5ξs4
9
−
√
2cs3 , g7 = − 2s
4
3
.
(D.12)
This completes the proof that the metric tensor can be expressed entirely in terms of a single set
of geometric objects, ξmn , ξm and Smnp, together with composite tensors that are built from them.
A similar result should also hold for the 3-form potential. Since the solution written in this form
is clearly quite complicated, we will not discuss this further. It should be clear at this point that
the more symmetric basis of invariant tensors used throughout the paper is a much better choice for
doing calculations and that it leads to simpler and more symmetric looking formulae.
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E Ambient coordinate embedding
In this appendix, we provide an explicit embedding of the R4 in R8. We use the following represen-
tation of seven-dimensional Γ-matrices in terms of Pauli matrices:
Γ1 = 1⊗ σ2 ⊗ σ1, Γ2 = 1⊗ σ2 ⊗ σ3, (E.1)
Γ3 = σ2 ⊗ σ3 ⊗ 1, Γ4 = σ1 ⊗ 1⊗ σ2, (E.2)
Γ5 = σ3 ⊗ 1⊗ σ2, Γ6 = σ2 ⊗ σ1 ⊗ 1, (E.3)
Γ7 = −σ2 ⊗ σ2 ⊗ σ2. (E.4)
In terms of seven-dimensional Γ-matrices the SO(8) generators ΓAB are 14
Γˆab = Γab, Γˆa8 = −iΓa. (E.5)
In this representation,
Γ1234 = −σ3 ⊗ σ3 ⊗ 1, Γ1235 = σ1 ⊗ σ3 ⊗ 1, Γ45 = −iσ2 ⊗ 1⊗ 1. (E.6)
Therefore, we can easily verify that for the embedding given by
m7 x
A = {u1, u2, v3, v4,−v1,−v2, u3, u4} (E.7)
the SO(3)×SO(3) invariant scalars, equations (7.10) and (7.11), are
ξ = −3(u · u− v · v) ζ = −6u · v. (E.8)
Furthermore,
δxA = Γ45AB x
B = {v1, v2,−u3,−u4, u1, u2, v3, v4}. (E.9)
so the α rotation rotates the u coordinates into the v coordinates, and vice versa.
14In the expression below we use Γˆ for the SO(8) generators in the spinor representation and denote the seven-
dimensional gamma matrices by Γ to avoid confusion. However, we do not make such a distinction elsewhere.
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